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A generalization of the Auslander formula

A generalization of the Auslander Formula is provided under the Auslander condition. Let
Λ be a left and right Noetherian ring and modΛ the category of all finitely generated left
Λ-modules. Let the grade of a module M ∈ modΛ; gradeΛM := inf{i : Exti

Λ(M, Λ) 6= 0}.
(Au) For all integers i ≥ 0 and all Λop- submodules N ⊂ Exti

Λ(M, Λ), it holds that
gradeΛopN ≥ i. We assume that all Λ-modules and Λop-modules satisfy the condition
(Au). Let M ∈ modΛ. Put Mk := Extk

Λop(TrΩk−1M, Λ) for k ≥ 1 and M0 = M .
Theorem Let g := gradeΛM < ∞. Then there exists a filtration of Λ-submodules of
M : M0 = · · · = Mg ⊃ · · · ⊃ Mk ⊃ · · · such that i) in case k = g, the following sequence
is exact,

0 → Mg+1 → Mg → Extg
Λop(Extg

Λ(M, Λ), Λ) → Extg+2
Λop (TrΩgM, Λ) → 0,

ii) if Extk
Λop(Extk

Λ(M, Λ), Λ) 6= 0, then gradeΛMk = k, Mk 6= Mk+1, Mk/Mk+1 is pure
of grade k, iii) if Extk

Λop(Extk
Λ(M, Λ), Λ) = 0, then Mk = Mk+1. Moreover, if G- dim

ΛM = d < ∞, then iv) Md+1 = 0 and Md = Extd
Λop(Extd

Λ(M, Λ), Λ).
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