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Heisenberg model

e 1-d ferromagnetic chain:

sn € S2: spin vector

e Dynamical law:

Sn = 8n X (Sp41 + 55-1)

e Continuum approximation:

sn =u(ne) = up = eu X ugpy + O(3)

where e lattice length. In the scale + = ¢2¢,

Ur = U X Ugpy (LL)
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e L ocal well-posedness:

e (LL): Visintin 85, Sulem, Sulem, Bardos, 86;
Zhou, Guo, Tan, 91: et. al.

e Schrodinger maps: Ding, Wang 98, 01;: Nah-

mod, Stefanov, Uhlenbeck 03, McGahagan,
Shatah 03, Ko, Shatah 03; et. al.

* Approach 1: Vanishing viscousity.

ut = u X Au+ e(Au ~+ |Vu|?u)

* Approach 2: Vanishing ‘wave’

e sy + U x ur — Au — |Vu|?u = 0

((LL) © u x up — Au — |Vu|?y = 0)



Schrodinger map

e Given a Kahler manifold M with
< -y s > metric structure
D: covariant differentiation

1. T M — TM: complex structure.

e Hamiltonian

H(u) = /Zj[ugngQ—}—G(u)d:c, we HY(R", M)

e Schrodinger map:

oOH

e For (LL), M =52 +(u) =ux, and G = 0.
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e Global existence: Kenig, Ponce, Vega, 93;

Hayashi, Hirata 98: Chang, Shatah, Uhlenbeck,
00; et. al..

e z ¢ Rl: global existence:

e z € R?: global existence radial or equivari-
ant solutions with small energy:

e 2 € R?: there exist self-similar and equivari-

ant blow-up solutions in weak energy space
(Shatah, Z);

e x € R?: Blow-up with finite energy?



e References:

e (LL): Visintin 85, Sulem, Sulem, Bardos, 86,
Zhou, Guo, Tan, 91; et. al.

e general Schrodinger maps:

* Local well-posedness: Ding, Wang 98, 01:
Nahmod, Stefanov, Uhlenbeck 03, McGaha-
gan, Shatah 03, Ko, Shatah 03: et. al.

* Global existence: Kenig, Ponce, Vega, 93;
Hayashi, Hirata 98; Chang, Shatah, Uhlenbeck,
00; et. al.



e Anti-ferromagnetic chain:

$2n T Son+1 = O(€), s, € S

e Continuum approximation:
Son = u(2ne), Son+1 = v((2n 4 1)e¢)
(up = u x (—2upy — vz + v) + O(e3)

= v = v X (—2vgpp + euy + u) + O(€3)
lu+v=0(e)

(AF)

e NO motion in O(1) time scale.



e Motion in time scale O(%)? |

fut = u X (—€ugy — vy + %)
dvp = v X (—evpn + up + uy (AF)
lu 4+ v = 0(e)

Theorem 1 (Shatah, Z) Assume v+ v =0 at

t =0. Ase — 0, (AF) converges to the o-
model (a wave map)

wit — wez + (Jwel? — |wz|?)w = 0, w € S?.

(o)



Hamiltonian Structure

e Kahler manifold: M = 52 x $2 with the sym-
plectic map 2

WX, Y) = (ux X,vxY), (X,Y) € Ty M.

e Hamiltonian: for (u,v) : R — M,

1 1
He(u,v) = —2—/e]uxfz—l—ejvx}Q—I—qu-v—l—z)u-{—vlzdaz

e Remark. u4+v=0at+t=0 = %HG:O(l).

o L = {(u,~u) | v € S?}: a Lagrangian sub-
manifold of M, i.e.

VIpL L T)L, Vp € L.



General setting
e M: Kahler manifold
e Hamiltonian: for w: R — M.
1
He(u) = /ezjluxj|2+zj < Wju), ua; > +=G(u)d

where Wj are vector fields.

e Schrodinger map:

1
Ut = Z<*€ZkDmkucck —+ ZkBkuSEk + EVG(U))
(SM)

where Bj are skew-symmetric operators

Bi(u) = DWy(u)* — DWy(u)



Main result

1
Ut — Z(-—EZkD;ckug;k -+ ZkBkuﬂ?k + EVG(U))
(SM)

Assume B, and the potential (@ satisfy

(A1) G >0, £L ={G = O} is a Lagrangian sub-
manifold of M:

(A2) D2G commutes with +B;, on £:

(A3) At p e £, D2Gl,p,, > 1 and dominates B;..

Theorem 2 (Shatah, Z) For u(0,-) : R™ — L,
as e — 0, the limit of (SM) is a generalized
wave map equation targeted on L.

*uw(0,) R"— L=1g,=0(1).
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A toy problem

e M=C!={utiv|uveR}, L£=R!ccl

e Hamiltonian: for u 4+ iv: R — M,

1 2 2 ’U2
He(u,v) = E/eux + evs + —e—d:c.

e Schrodinger map:

. 2
= Utt = —€ Uggrr + Ury
Vt = €Ugpy

{Ut = —€Uzz + %

e Formal limit:

Uit — Ugze = 0
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Sketch of the proof
e Basic ideas:
1. Split the tangential and normal directions
2. Wave equation type energy estimate;

3. Elliptic estimate for the normal variable.

e Assume M =C™ and z ¢ RL

U = i(—eusy + Bug + V(1)) (SM)
€

e Tubular coordinate system near £

e G(p,n) =<a(p)n,n > +0(n3), where a > 1.
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e Energy estimate:

(8; — B183)(SM) =

Utt_(ZB+ZB)Utx“B2’U/ij — _GQ'UIQ;';U;CQ;—‘ZDQGZU;CQ;
+ 0:(D?G(ugz)) 4+ Ry (5, €02u, Hu, w)
€

where v = p +n and Ry is smooth.

e Elliptic estimates for %: apply normal projec-
tion operator P to (SM) =

—2(Pd2)?n 4 an = Ry(edu) + O(|n|?)

13



Wave equation

ugt — Au+5VV(u) =0, wu(tz) € R™
’LL(O,CL') — f(CE), ut(():w) — g(x)

(W)
e Assumption: v > 0 and

M ={u|V(u) =0} C R™

IS @ smooth submanifold.

e Question: What are the singular limits of
solutions with bounded energy, i.e.

u—ut =7 as e — 0

* Remark: In the phase space TR™ — R2™
{V = 0} is an anisotropic submanifold.
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{utt ~Au+LVV () =0, u(tz)e€R™

U(O, CE) — f(ilj'), ’LL{;(O,.’B) — g(iE)
(W)

e Energy (Hamiltonian):

1 1 1
= [ Sl + 5 |Vaul? + -V (u)dz

* Bounded energy < V(f) = 0.

e Energy conservation: As ¢ — 0

H=0(1) = |[V(u)| =0, ie. “* =limue M

e Question: What governs the dynamics of u*
on M~
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* Example: Pendulum

e Stiff spring:

e Rigid bar:
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* Example: ¢ model (Shatah, 88)

utt — Uz + glz(|u|2 —1u=0, u(t,z)eR3

It implies
Or(ut X u) — Oz(ug x u) =0

= O(uy x u™) — Oz(uk x u*) =0

(ufy —upy) X u* =0, u*(t,z) e S2

ufe — uhy + (Juf]|? = [uz[Du* =0, w* €52 (o)

P(u): the projection to the tangent space of
S? at u € S2.
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e Guess: for equation (W), limu = u* € M is
a wave map, i.e.

D: covariant differentiation.

{ Diuf — S;Dzuf =0, u*e€ M

e ODE results:
1. true if g € T¢M or V" = const on M;

2. not necessarily true otherwise! u* has an
extra potential, depending on f and g.

References: Rubin and Ungar 1957, Takens
1980, Borneman and Schiitte 1997, Borne-
Mman, 1998, Froese and Herbst 2000, ...
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DeCOmDOSition
Ut — Upy + E%V {a(u)('ulz — 1)2} =0 wuelR3

a(u) : smooth and a(u) > 1.

o u = p-+dp, n=p=|—ZTESQ,d=|u|——1 cR

e Tangential equation:

Ptt — Prx + (lpt?z — lpxlz)p = —2dipt + 2dzps
2

S Va(p) + O(ld))

e Normal equation:

At — s+ fz—a@d = — 1ot + Ipel? + O(ld))
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Main result

Theorem 3 (Shatah-Z, 2003) Assume M is a
hypersurface. Given smooth initial data f and

g so that V(f) =0, locally, the solution of

ugr — Du + —G%VV(U) =0, wu(t,x) € R™
w(0,z) = f(x), w(0,z) = g(z)

\AY
converges to u* where (u*, 0, E) solves e
Lt\gfwgim E ‘"%(“W&lz'F Lkl + Ea - g, + T6 )
(Dyuf — >iDyu}, + £Va(u*) = 0;
V0B — V30 - ViE + (6 — AOYE = O
07 — |V20)2 = a(u*).
(KR)

Here D is the covariant derivative on M and

a = DG, u(t,z) € M, 6(t,2), E(t,xz) € R.

eReferences: Ebin 1977, 1982, Shatah 1988,

Keller and Rubinstein 1991, Freier 1996, Shatah
and Zeng 02 ...
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Periodic orbits for ODEs
e ODE version of (W):
1
uy + Vw(u) + 5VV(w) =0, weR" (O)
€

e Limit equation
Diui + P(u*)Vw(u*) =0, u*e M. (GO)

Theorem 4 If (GO) has a nondegenerate T-
periodic orbit, then (O) also has a T-periodic
orbit for small nonresonant e.

e M does not have to be a hypersurface.
e If w= 0, a periodic orbit is a closed geodesic.

e The nonresonance condition on e depends
on the orientation of this periodic orbit.

e Normally elliptic singular perturbation.
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