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Resumen

In this paper classify the irreducible quasifinite highest weight
modules of the orthogonal Lie subalgebra of the Lie algebra of matrix
differential operators on the circle and construct them in terms of
representations theory of the complex Lie algebra g&[)'g] of infinite
matrices with finite number of non-zero diagonals over the algebra
Ry = C[u]/(u™) and its subalgebras of type B and D.



The algebra 357\’

Let N be a positive integer. Denote by D the associative algebra of all

regular matrix differential operators on C*, of the form

E = e(t)0F +er1(t)0F 1 + ... + e(t)

where
ei(t) € MatyC[t, t71]

and denote by ®V the corresponding Lie algebra.
Let
N =9V +CC

denote the central extension of ®V by a one-dimensional center CC.



The subalgebra ’5&

For any A € Maty(C) we set (A),TJ = Ant1—j,n+1—i and let the

anti-involution on D = D! given by
4,-1(t“F(D)) = (—t)“f(=D — k - 1).

We extend to a map on Maty (D) = D @ Maty (C) by taking

[0+ -1(A)ij = 04, —1(Ai)).
Consider the anti-involution 7 in ©®" defined by

7(tkf(D)A) = ¢, _1(t“F(D)AT). (0.1)

We denote by DY the Lie subalgebra of ®V given by —7-fixed points in
DN,

Denote by 5? the central extension of DY by the one dimensional center
CC . Letting wt(z*f(D)E; ;) = kN + i — j, wt(C) = O gives the principal

—

gradation de ®N | which is inherithed by DV.



Definition

A parabolic subalgebra P of 232" as a subalgebra of the form

P =@, cn(P)insr where (P, = (DN)insy if Nk + r >0, and
(P)wk+r # 0 for some Nk + r < 0.

Given a € (ISZV)_l, with a # 0, we define

P? =@ ni1<r<n-1, kez(P?)intr where (P?) iy, = (DY) if
Nk + r >0 and

=3 L. [[a. (DM)o]. (D)ol .. ] P2y = [P21. P2,




We call a parabolic subalgebra P non-degenerate if P_; has finite
codimension in (DY)_;, for all j > 0, and an element a € (D})_;

non-degenerate if P? is non-degenerate.

Definition

Let g = @jczg; any Z-graded Lie algebra over C, and let g = ®j>0g;. A
g-module V is called Z-graded if V = ®jczVj and g;V; C Vig;. A
Z-graded g-module V is called quasifinite if dim V; < oo for all j.

Given X € g§, and g-module V(g, A) a highest weight module with
highest weight vector vy € V(g, A)o. A non-zero vector v € V(g, \) is

called singular if gLv = 0.




Theorem
The following conditions on \ € (BZV )* are equivalent:
@ The Verma module M(BZV ; A\) contains a singular vector
avy € M(BZV, A)_1, where a is non-degenerate ;
@ There existe a non-degenerate element a € (52" )—1, such that
(D1 a]) = 0;
@ The irreducible module L(@; A) is quasifinite;

@ There exist a non-degenerate element a € (BZV)_l, such that
L(DN; \) is the irreducible quotient of a generalized Verma module
M(DY; P2, ),




Given A € (D)3 define the labels
Aiy=—-M(Do) Ei i — (—Do) Eny1—ini1-i)

with / € Z, i =1... N and the central charge c = A\(C), and consider
the generating series

/

ORI

o /!
>0

Ais,  i=1...N.



Theorem

A @—module L(\) is quasifinite if and only if

An(x) = 2

x
ez
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i<k<N—1

where ¢i(x) are all quasipolynomials.




Given s € C, we obtain a family of homomorphism of Lie algebras
s : DN — géL'Z] (resp. s : (DN)© — geL’;’]).

sDLm] (tk (f(Dk) EI'VJ' — f(D_k) EN+1—j,N+1—i)) =

72"’32 FO (=1 + K2 +5)

r
l U E(—kyN—it1,IN—j+1
r=0 IEZ

r
o U B k1) N, (1~ 1) Nt

(0.2)
with 1 </ < j < N and (") denote the rth derivative of f.



= U B _iN—it1
(0.3)

where again, 1 </ < N and £(r) denote the rth derivative of f. Fix
§=(s1,  ,sm) € CM such that s, —s; ¢ Z if i # j and s; + s ¢Zfor
all i, j. Also fix i = (my, -+, my) € ZM. Let gl = &M g0l an

consider the homomorphism

P = @M olml . (DNYO gl (0.4)
Where O denote the algebra of all holomorphic functions on C with the
topology of uniform convergence on compact sets and (DY) is a

completion of DY



consisting of all differential operators in DV with f € O.
Proposition

The homomorphism @™ lifts to a Lie algebra homomorphism @Y™ of the

corresponding central extensions.

Given m = (my,---my) € ZY and §= (s1,- -+, sm) such that, s; € Z
implies s; = 0; s5; € Z+1/2 implies s; = 1/2 and s; # +s; mdéd Z for
i#]j
M
A = @Dl DY — g™ = el g™, (0.5)
i=1

where



P if s ¢ 7/2
glml = ¢ pl! ifs=1/2 and Nodd (0.6)
d([,g’] if s=0ors=1/2 andN even

Proposition

The homomorphism @L’ﬁ]

>~ extends to a surjective homomorphism of Lie

algebras which is denoted again by go[ .

A[m] @W[m'] (DM)© — gl




Proposition

The gl™-module L (g["’], )\) is quasifinite if and only if all but finitely
many of the *hii) are zero, where x represents a, b or d depending on
[m]

whether gl™ is é\éoo , bL’.!’] or dgg].

Given m = (my,---my) € ZY, take a quasifinite \; € (g[’"f]); for each
i=1---,Mandlet L (g[""'], )\,-) be the corresponding irreducible
gl™l-module. Let X = (A1, -+, Am). Then the tensor product

L (g[ﬁ’], X) =ML <g[m"], A;)

is an irreducible gl™-module, with gl™ = @f\ilg[’"f]. The module
L(g[’ﬁ],X) can be regarded as a DY- module via the homomorphism cp[sfﬁ],

and will be denoted by LI(X).



Theorem

Let V be a quasifinite gl™-module, which is regarded as a Zszv—module

" Then any ﬂv—submodule of V is also a

via the homomorphism
al™_submodule. In particular, the DN-module Lé’ﬁ](j\’) are irreducible if
S=(s1, - ,Sm) is such that, s; € Z implies s; = 0; s; € Z + 1/2 implies

si=1/2 and s; # £s; méd Z for i # j.

Proposition

Consider the embedding 3™ : DN — gi'" with s ¢ 7,/2. The
ézz]—module L(;—ZL'Z], ) regarded as a DN-module is isomorphic to
L(DV,e",e~) where e™ and e~ consist of exponents — + s + % with

I € Z with multiplicities

x" X
- Z )‘5 =i+l and Z >\(/ 1N+I ) r

0<r<m 0<r<m

respectively.




We obtain similar results for s = %, N odd and even and s = 0.



