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/ Inspired by Utumi’s \
construction [7] and making
N use an idea of C. Martinez
[3], M. Siles Molina built in
[6] the maximal algebra of
quotients for every
semiprime Lie algebra. We
follow here her construction.

/These definitions are
consistent with the non-graded
ones (see [6, Definitions 2.1
and 2.5]) in the sense that they
coincide when considering the
trivial grading.

A useful tool will provide
with examples of graded
algebras of quotients
(See EXAMPLE 1 ans
[5, Theorem 2.9 and
Corollary 2.10])

GRADED QUOTIENTS 1 S MAXIMAL GRADED QUOTIENTS
L graded subalgebra Q O Vidauvu \»‘UUUU' It Suppose L is G-graded and take | a graded ideal of L
-,
Q graded algebra of quotients L o A derivation ¢ : I — L has degree o € G if it satisfies 0(/,) C L.,

RELATIONSHIP BETWEEN GRADED (WEAK) ALGEBRAS (V7 € G). In this case, ¢ is called a graded derivation of degree o

qr € Q, .(gr) = linear span in @ of ¢, and ad x1 . ..ad x, ¢, OF QUOTIENTS AND (WEAK) ALGEBRAS OF QUOTIENTS

withnéeN, xq,...,2, € L .
. Der, (1. L), = the set of all graded derivations of degree G
VDo, 4r € Q,po # 0,320 € L+ |2a, o] # 0, [Za, L(¢r)] € L Proposition. Let L C Q be graded Lie algebras. Consider the following
conditions: It is a ®-module with the natural operations and hence
Q raded weak algebra of quotients ' L (1) Q is an algebra of quotients of L. ey (] [ isalsoa®-module.
J J 9 (ii) Q s a graded algebra of quotients of L. Der tgr (L, L) 1= SoegDe Lgr (L, L)o
VO# p, € Qy, Jxq € L: 0# |7, po] € L Then (i) implies (ii). Moreover, if L is graded semiprime then (ii)

implies (i). 7, — L) =the setof all graded essential ideals of L

For L graded semiprime, the direct limit

BEING A GRADED q BEING A GRADED WEAK ’ _
ALGEBRA OF QUOTIENTS *é ALGEBRA OF QUOTIENTS Lemma. Let L C Q) be graded Lie algebras. If () is a weak algebra of | 7 e
. (See [5, Remark 2.3] ) quotients of L then Q is also a graded weak algebra of quotients of L. Qor—m(L) = lim  Dery. (I, L)

[€Tyr—o(L)

EXAMPLE 1 N . - -
JRTme assoclative pair with InvolSEEy is a graded algebra of quotients of L containing L as a graded

Q(R) = associative Martindale pair of symmetric quotients
Then TKK(H(Q(R),*) is a 3-graded algebra of quotients of subalgebra vigithe foIIowmg graded Lie monomorph_lfm

TKK(H(R,*)), where H(., *) is the set consisting of all symmetric elements. . : -\
¥ o L — (2(//'—/)/(14)
r — (adx)f
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Theorem. Let V' be a semiprime subpair of a Jordan pair W. Then the followmg conditions a
l are equivalent: »

(1) W s a pair of IM-quotients of V. |

| Y imblies (it 4in W
(i) TKK(W) is an algebra of quotients of TKK(V) i |mp[;::§n(1|;)ovrvea:‘ I;r;)(\)lf "
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“-1: | NEXT OBJECTIVE: Analyze the

||| relationship between:

I - Maximal Jordan pairs of

W 77-quotients (See [2])

. 'I' "\ - Maximal 3-graded Lie quotients
]
I

This question only makes sense if we assume that I itself is a semiprime Lie
algebra. Similar questions have been studied also in the associative context
(see e.g. [1, Proposition 2.1.10])
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Theorem. Assume that % c P,

(i) Let V' be a strongly nondegenerate Jordan pair. Then on L NECESSARY
the theorem

" Theorem. Let I be an essential ideal of an strongly
semiprime Lie algebra L. Then Qp(I) = Qm(L).

. Corollary. Let A be a semiprime algebra. Then:

Qum(lA, Al/Zia a1) = Qum(A _/Z)-

18 the maximal Jordan pair of 9MM-quotients of V.

(i) If L= L_1 Lo & Ly is a strongly non-degenerate Jordan " a finite numm)nzemmrles
3-graded Lie algebra satisfying that Q.. (L) is Jordan 3-graded, then |y ﬂ - .
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o N~ Corollary. Let A be a prime algebra. If Der(A) is Stmngly\
Qu(L) = Qu(TKK(V)) 2 TKK(Qum (V). "' - =17 € Moo (R) [ tr(2) = 07 prime then
simple Lﬂgebra of countable dimension : Qm(A_/Z> - Qm(Der(A)).

where V.= (L1, L_1) is the associated Jordan pair of L. v . - -
| — s isle Jordam8igraded Lie alg erng &.‘ i

- -—— -’. = ‘f—eLfL—fLean,qh,
PLE 3 wher‘ee"e and f:= dia'g(01 )

s -graded bl!c it isdNOT~ !
JORDAN 3-GRAPER

When is Der (A)
STRONGLY PRIME

.
® (L) = Der(L)

v

= sly(F) = {z € Ma(F) | tr(z) =0} §

Theorem. Let A be a prime algebm Then the following ' '
: ) ‘; conditions are equivalent: \
There are algebras BRI . . 4 . ‘
satisfying this CONDITION e A (i) Der(A) is strongly prime. }
........................... ‘ - . | (1) Every nonzero ideal of A contains a nonzero ideal of §
e F e Ed R R e W W e 0 s e W e 0 e e f W e 5 e e n e 0 d s W e e & s B 'L_E_'_'__—__'T_;_'_L._E-—' g 'I A inva/ri&nt under 6U6Ty element Of Der(A) ‘ |
“. "'-,,'—.'.'::::::::::::::::::::::::::::::::::::::::::::::f:::::::::::::::::::::::::::::::::::::::::::::::::::: = O s o - " Mofr‘eovery ’I;f these COnd’ltiOnS hOld} then l' )
Tho voossioaal | io alovalne o8 swradie, *m N wi Qm(A™/Z) = Qm(Der(4)).
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| Corollary. Let A be a simple algebra. Then
Give a description of the maximal algebra of quotients " Qum(A™/Z) = Qm(Der(A))
’ To this end, we | ’ i\
..................... e T Y introduce a new Lie ‘\\\ \ p
CONST&TION £ algebral t i
Bl 1'wo pairs (0, 1), (i, J) where I, J are essential ideals of A and 6 : [ — A, p:J — A are g 8 \
derivations are equivalent if 6 = p on some essential ideal of A contained in I Nn.J.
~-— o’ VidX-CIOSE0 di0enrds
v :
F . '\ rm ‘\‘p - ¢
% BN e ) 3 :
Dera (A) . b \',‘qbatﬁ'a Lie A 9SG “ T HEN IS TAKING THE MAXIMAL ALGEBRA OF ’
2 S e, N Der(4) C Dery (A) C Der(Q.(4) QUOTIENTS A CLOSURE OPERATION? .

This question

makes sense ‘Is Q (Q (L))=Q,,(L) for every semiprime Lle algebra?

sim_:e _Qm(L) is 0‘ ‘ \ ‘

| et e ‘et L be a SEMIPRIME Lie algebra. We sqy at L is
MAX-CLOSED if it satisfies Q,,.(Q, =Q_(

..... RPNy 1\ i Wy t"

Theorem. Let A be a prime algebra such that either deg( ) # 3 or char(A) # 3. Then, .
Der(A) & Qm(A™/Z). Moreover, the map ¢ : Derm(A) — Qm(A™/Z) defined by 61 — 07, ks

where § : I — A~ /Z maps 7 into §(y), is an isomorphism of Lie algebras.

2.7 (ii)])

CONSEQUENCES

(1
©

If A= Qs(A), then Q,,(A~/Z) = Der(A).

/7)) = Qm(Der(A))"%;De'r'(fél)‘. lxb ;L, -~ % .

If A is affine and satisfies Qs(A) = AZ~L, then Qm(A~/Z) = Der(Qs(A))-":’.,l
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Hiffe eﬁ&e‘ is that we have to dei ‘

is max-closed

If A is simple, then @, (A~

ine Pl algebra '
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This A we shall
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iy in [4] to show that
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Q,(.) is not a closure
il L operation.
iU W e e L — . - oo R i | i : . i .
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y Let K be a ﬁeld and set A K[ |[z,y | zy = tyx]. Then we have:
y (i) Ais a domain with center Z = K|t].

(i) Qs(A) = K(t)|z,y | vy = tyz].

(i) Qs(Qs(A) = K@)z~ 2,y 'y [ vy = tyzx].
Theorem. Let K be a field and A = K|t||x,y | vy = tyx|. Then:

(i) Der(Qs(A)) & Qm(Der(Qs(A4))).
(ii) The algebra L = A~ /Z is not max-closed.
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