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Introduction

e Zero Coupon Bonds P(t,T).

e The Heath-Jarrow-Morton-Musiela (HJMM) equation:

dr; = (dilgrt + aHJM(Tt)> dt + o(ry)dWy + /Ev(rt_, x)(p(dt,dx) — F(dz)dt).

e Establish existence and positivity.

e The Brody-Hughston equation:

dp; = (jg pi + pt(O)pt> dt + o (pe)dWy + /Ev(pt-, x)(p(dt, dx) — F(dx)dt).
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Zero Coupon Bonds

e Zero Coupon Bonds P(t,T).

e Financial assets paying the holder one unit of cash at T.

o 3 3 s 8 0

Figure 1: Price process of a T-bond with date 7" = 10.
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The HJM model with jumps

e Bjork, Kabanov, Runggaldier, Di Masi 1997 [1]: For T > 0 we have
t t
f(t,T)= f*(0,T) —|—/ a(s, T)ds —|—/ o(s,T)dWy
0 0
t
—|—/ / v(s, 2, T)(u(ds,dx) — F(dzx)ds), te€|0,T].
0 JE

e Implied bond market:

P(L.T) = exp ( _ /t " s)ds>.
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From HJM to Stochastic Equations

e Drift and volatilities depend on the current forward curve:

a(t,T,w) = a(t, T, f(t,-,w)),
o(t,T,w) =o(t,T, f(t,-,w)),
’Y(ta vaaw) — ’Y(t7337T7 f(ta '7(")))'

e Infinite dimensional stochastic equation:

Cdf(LT) = o, T, f(t,)dt +o(t,T, f(t,)dW;
< +va(t,x,T,f( N (p(dt, dz) — F(dz)dt)
. f(O7T) — f*(O,T).
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The transformed equation

o Musiela parametrization of forward rates:
ri(€) = f(t,t+§), £>0.

e Making the transformation f(¢,T) ~» r:(£) we obtain
t t
ry = Sthg —|—/ St_soz(rs)ds—l—/ St_s0(rs)dWy
0

0
t
—I—/ / Si—sy(rs—,z)(u(ds,dr) — F(dx)ds), t>0
0 JE
e where (5});>0 denotes the shift-semigroup Sih := h(t +-) on H.

Term structure models driven by Wiener processes and Poisson measures: Existence and positivity 5



Stefan Tappe 2010/06/25

From HIMM to SPDEs

e Thus, (7¢)¢>0 is a mild solution of the SPDE

dry = (dil&rt + oz(rt)) dt + o(ry)dWy + /Ev(’rt_, x)(p(dt,dr) — F(dx)dt),

e with given vector fields

o:H—H, o:H—LYH), v:HxE— H,

e where d% is the infinitesimal generator of (S;)¢>o0.
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The HIMM equation

e The bond market P(t,T) should be free of arbitrage.

e Under a martingale measure Q ~ [P we have
o) = 3o ) [ @ n — [ ) (e 5000 1) ()
E

e This leads to the HJIMM equation

dry = (C%Tt + ozHJM(rt)) dt + o(ry)dW; + Lv(rt_, x)(p(dt,dx) — F(dx)dt).
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Stochastic partial differential equations

e Consider the SPDE

h07

o

{ dri = (Are+ a(re))dt + o(ry)dWi + [ y(re—, x)(u(dt, dx) — F(dx)dt)

e with given vector fields

o:H—H, o:H—L)H), v:HxE— H,
e where A:D(A) C H — H is the generator of a Cy-semigroup on H.
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Assumptions for the existence result

o Lipschitz continuity: For all hi, ho € H we have

lec(ha) — a(h2)|| + [lo(ha) = o (h2)ll gy

+ (/E |y (ha, ) — v(hz,fﬂ)QF(dCB))l/2 < Ll[h1 = ha|.

o Linear growth: We have [_||v(0,z)||*F(dz) < cc.
e We assume that (S});>0 is pseudo-contractive, that is

HStH < ewt, t > 0.
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Existence- and uniqueness result

e Unique mild solutions for the SPDE

{ dry (Ary + a(re))dt + o(re)dWe + [ y(re—, ) (u(dt, dx) — F(dx)dt)
ro = ho,

e i.e., the "Variation of constants formula” is satisfied:
ry = SthoJr/ Si_sa(rg ds+/ St_so(rs)dWy

//St sY(rs—,x)(u(ds,dx) — F(dx)ds), t>0.
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The HIMM equation

e The HIMM equation is an SPDE

dry = (Ary + a(ry))dt + o(ry) dWy + /Ev(rt_, x)(p(dt,dx) — F(dx)dt),

e for which we have

d
H:Hﬂa A:d_é-a @ — OCHJM,

e where OHIM IS given by
o) = 3 o't ) [ @n = [ A a) (e 00000 1) Fia),
E
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The space of forward curves

e For 5 > 0 we define the space

Hg:={h:Ry — R: his absolutely continuous with ||h||s < oo},

e where the norm is defined by
1/2
Ihlls = ()7 + [ I Peag)
_+_

e The shift semigroup (S;):>0 on Hgz has the generator

d d ,
A:d—g, D(d_f):{hEHﬁh EH@}.
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Assumptions on the vector fields

o Lipschitz continuity: For all hy, hg € Hg we have

lo(h1) = o(h)llLocmy) < Lllha — hells,

1/2
( [E e@<w>||w<h1,x>—w(hg,@H%F(dx)) < Ly — halls.

e Boundedness: For all h € Hg we have
lo (M)l L(a,) < M,

[ <O )1 v 1)1 Plde) < M
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Solution of the HIMM equation

e The HIM drift term ansm : Hg — Hp is Lipschitz continuous:

Jarim(h1) — angu(he)llg < K[kt — hal|s.

e Unique mild solutions for the HJMM equation

{ dry = (d%rt + apym(re))dt + o(r)dWe + [y (re—, ) (p(dt, dz) — F(dx)dt)
ro — ho.

e The interest rates r;(£) should not be negative.
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Positivity preserving models

o Let P C Hg be the convex cone

P={heHg:h>0}= () {heHs:h() >0}
EER L

e The HIMM equation is positivity preserving if for all hg € P we have

IP’(?"tEP)zl, tZO

e Stochastic invariance problem.
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A general invariance result

e Consider an SPDE on the space Hg of forward curves

dry = (difrt + a(m)) dt + o(ry)dWy + /E’y(rt_, x)(p(dt,dx) — F(dx)dt),

e with given vector fields

a:Hg— Hg, o:Hg— Ly(Hg), ~:HgxE — Hg.
e This SPDE is positivity preserving if and only if we have (1)—(4).
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The volatility and the jumps

e At the boundary, the volatility o is parallel to the edge:

ol (h)(€) =0, h >0 with h(§) =0. (1)

e The convex cone P captures all jumps:

h+~(h,z) € P, hé€ P and F-almost all z € F. (2)
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Small jumps at the boundary

e |n general, we have:

/E ly(h, 2)|3F(dz) < o0, but [E ly(h, )| s F(dz) = oo.

e Small jumps, which are not parallel to boundary, are of finite variation:

/E]’y(h,m)(ﬁﬂF(d:B) < oo, h>0with h(§) =0. (3)
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The drift vector field

e Subtract the F'(dx)dt-part of the stochastic integral to the drift:

dry = (%Tt + Oz(?“t)> dt + o(ry)dWy + /E’Y("“t—, x)(p(dt,dr) — F(dx)dt).

e At the boundary, the corrected drift term is inward pointing:

a(h)(&) — /Ev(h,x)(ﬁ)F(dx) >0, h>0with h(§) =0. (4)
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Remarks concerning the drift vector field

e [he convex cone P has particular properties.

e The shift semigroup (S});>¢ leaves P invariant:

S,PCP forallt>0.

e No Stratonovich correction term, because

(Do’ (h)a?(h))(€) =0, h >0 with h(£) =0.
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Invariance conditions for the HJIMM equation

e This SPDE is positivity preserving if and only if we have (1)—(4).

e Consequence: The HIMM equation

dry = (%Tt + ozHJM(rt)) dt + o(ry)dWy + /Efy(frt_, x)(u(dt,dr) — F(dx)dt)

e is positivity preserving if and only if

ol (h)(€) =0, h >0 with h(§) =0 (5)
v(h,z)(£) =0, h >0 with h(§) =0 and F-almostallz € E  (6)
h+~(h,z) € P, he€ P and F-almost all x € E. (7)
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Another approach to bond price markets

e Following Brody, Hughston 2001 [2] we define the bond prices

Pt.1) - | T pe)de,

T—t

e where (p;);>0 is a process of probability densities on R .
e Then we have P(T,T) =1 forall T >0

e and T'— P(t,T) is non-increasing with limit 0 for 7" — oo.
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The Brody-Hughston equation

e Consider the Brody-Hughston equation

dpt = (d%‘pt + Pt(O)Pt) dt + o(pt)dWy + /E’V(Pt—7 x)(p(dt, dz) — F(dx)dt),

e on the state space Hy with vector fields

o: Hyg— Ly(Hp), ~:HgxE— Hy,
e where H) = {h € Hg : lim¢_, o, h(§) = 0}.
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Stochastic invariance problem

o We observe that Hy C L'(Ry).

e Stochastic invariance of the convex set P C Hg of probability densities

P:{hEHg:hz()and/ h(&)dé“:l}

Ry

:{heﬂg:hzo}m{heﬂgr/ h(§>df:1}
1 3 ’ R

- -
Use our previous results -~ ~

Invariance conditions are known

e Unique mild solutions for the Brody-Hughston equation.
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Conclusion

e Zero Coupon Bonds P(t,T).

e The Heath-Jarrow-Morton-Musiela (HJMM) equation:

dr; = (dilgrt + aHJM(Tt)> dt + o(ry)dWy + /Ev(rt_, x)(p(dt,dx) — F(dz)dt).

e \We have established existence and positivity.

e The Brody-Hughston equation:

dp; = (jg pi + pt(O)pt> dt + o (pe)dWy + /Ev(pt-, x)(p(dt, dx) — F(dx)dt).
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