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Some recent works consider non-homogeneous time Lévy model to
describe the implied volatility curve.

What about the dynamic of the smile curve ? Non-homogeneity
property is not convenience, sticky delta . . .

Nevertheless, for some contracts (European, barrier, or American-style
exercise) pricing with a stochastic volatility model or pricing with the
additive process which has the same characteristic function gives the
same result.
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Definition

Let (Q, Ft,IP) be a complete filtered probability space .

Definition

A stochastic process (X;);-, on R is an additive process if the following
conditions are satisfied :

@ Theincrements X;,, Xi, — Xy, ..., Xi, — X;,_, are independent
random variables for any partition0 < t; < --- <, n> 0.
Q@ Xo=0as.

© It is continuous in probability, that is, for every t > 0 and ¢ > 0, it
holds

lim P{|X; — Xs| > €} = 0.
s—t

Qo (Xt)¢>0 is an adapted cad-lag stochastic process.

No stationary increments : the law of X; ., — X; can depend on t.
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Exponential Additive models

The value of an option is defined as a discounted conditional
expectation of its terminal payoff H under a risk-adjusted martingale
measure Q:

Ce=E2 |e~ T H(Sr)|F|

In exponential additive models, the (risk-neutral) dynamics of S; under
Q is represented as the exponential of a additive process:

St =S e(rfq)HXfoyo .

Here (X);. is an additive process. The interest rate r and the
dividend rate are supposed to be 0.
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@ The simplest way is to consider some well-known processes like
Lévy process listed in [CTO04].

@ An other approach is to use the additive process which has the
same characteristic function as some well-known processes like
time-change Lévy processes or affine processes.

@ Consider the self-decomposable additive processes presented in
[CGMYO07] X; = t7 X, It follows that the characteristic function of X;
is of the form

O H=E [ezﬁxf} =etO (&) = / e —1—16x1 g1 Kk(X)dx.
R
@ Construct a function v which respects all good properties to
define an additive process. For example we can work on the
cumulant function by parameterization as which is done on local
volatility model.
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Analytical properties

Holder property of the characteristic function
Let T > 0 a fixed time and (X;),., be an additive process on R such

that &(¢&, t) is a function of class C' on [0, T]. Then the characteristic
function of (X;),- is

t
(¢, 1) = E [e%] = exp < /0 W, s)ds) ,
for ¢ € R and

1
U(E0) = 56800 + () + [ (% —1 —i€Tper ) it ),

We now call t — (o(t), u(t), v(-, t)) the generating triplet of the additive
process.
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Analytical properties

Under the risk neutral probability Q, the infinitesimal generator L is
given by :

o 2
Lf(x) = (2” [

# ot
ox2  Ox

+ / v(dz,t) [f(x+z) —f(x) — (e — 1)af(x)} ,
R ox
ad is type of Fourier multiplier.

From the Bochner’s theorem, for all t € RT, £ — (&, t) is a
negative-definite and

vEeR  [u(& 1) < Cy(t) (1+ 7).

where Cw(t) = 2SUp|§|§1 W (67 t) ‘
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Analytical properties

Let us introduce g the smallest value in (0, 2), such that
/ x| v(dx) < oo.
[x]<1

In the case 8 < 1 (finite variation), we introduce the characteristic
exponent,

J(& t) =9 (éa t) - 157(0'

Proposition (Growth at infinity)
Forall0 < pg <2,

/ IX|® v(dx) < o0 <
R

()| o [(0)]  1¢1°

and

b (©)].

[ ¥ e~ v-al < oo e [ie)| 1€, [6)] <

v
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Overview of pricing methods

@ Carr-Madan’s method[CMS99] and Attari’'s method [Att04],
@ Cosin expansion [FO09],

@ Wiener Hopf factorization [KL09],

@ PIDE methods.

Main advantages of PIDE methods:
@ path-dependent options (barrier, Asian, loop back options, ...).

@ strongly non linear problem which appear in quantitative finance
with discrete hedging or transaction cost problem.

@ Dupire equation, see the last section, to solve one PIDE problem
for all prices function of Strike and Maturity.
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Galerkin methods

We consider thus the initial value problem
%—Etu:f in]0, T] x R, u(t=0)=u IinR, (1)
where u is typically the solution of the pricing equation associated to
the additive process (Xt);-,-Lt denotes the integro-differential
operator. Using Fourier transform:
ou .
VEER () -v(6NT(E) =0,

with U (t = 0,€) = Up (&). The variational form of the parabolic
problem (1) is given by

<g';v> —(Lu,v) = (£,v).

Using the Parseval identity,

& (u,v) = — /R HED T(E)T(€) de,
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Galerkin methods

Proposition (Weak formulation case 1)
Suppose that g is the smallest real value in (0, 2) such that :

1x|P v(dx) < oo then
[x]<1

@ if 5 > 1, then the solution of the pricing equation
ue L2(]0, T[; V) NC ([0, T]; Hyr) with 3 € L2 (]0, T[; H-#/2) such
that:V v € My, foralmostt € [0, T],

ou(t
e (P V), HEWO) = (F, Vi,
u(0) = wo,

has a unique solution. Moreover, there exist C > 0 such that

HUHLoo([o,T],LZ(Rn))"‘HUHLZ(]O,T[;HW) <C (”UOHLZ + ||fHL2(]o,T[;H—ﬁ/2)> -

v
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Galerkin methods

Proposition (Weak formulation case 2)

@ if B <1, then the solution of the pricing equation is obtained after
the change of variable :

Ut x) = u (t,x _ /Otv(s)ds> .

Then u is the unique solution of the pricing equation with the
Fourier symbol +). We have the weak formulation and an energy
norm estimate for u.

Key of proof:
@ Garding inequality is obtained in Sobolev space. N
@ Continuity estimate come from the new Fourier symbol ).
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Viscosity solution

Let us suppose f € L? (0, T: L? (R”)) . We investigate the smoothing

problem associated to eq (1) on which we add to the operator £ a
diffusion term —cA:

ou;

5 L.u.=1f, in]0, T] xR", U-(t=0) = up in R",

where
LU =AU, + LU;.
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Space discretization

Let V, C D(a)) be a subspace of dimension p := dimV,, generated by
a finite element basis ¢ := {¢; : j = 1,...,p}. We use the Galerkin
approach,

p
up(t, x) =) u(t)pj(x) € Vp.
j=1

For each time t € [0, T] the semi discrete problem of finding the
coefficient vector u(t) = (u1(t), ..., up(t)) is an initial value problem for
p ordinary differential equations

ou

M52 (1) + AT(t) = 0,T(0) = o,

where Uy denotes the coefficient vector of decomposition of the
function ug on the basis ¢, and M, A denote the mass and stiffness
matrices with respect to the basis of V ,i.e.,

Mij= (¢ 01),  Aij=E(959i) -
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Method in practice

Two computational problems :
@ how to compute the entries of the matrix ?

@ how to solve the linear system for a full matrix
M—AtA=K = (K))

1<ij<p-1-
Methods Solver for linear system | Computed entries
[CV05] FB substitution Special Function
[Ach08] LU +FB substitution Special Function
[MSWO06] Iterative method Special Function
based Toeplitz Iterative method work for all .

Table: Numerical methods for PIDE
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Toeplitz based method

@ An p-by-p matrix T, = (t,-,/-)1<,.j<p is said to be Toeplitz if t;; = t;_;
i.e.if T, is constant along its diagonals.

@ The matrix is said to be circulant if each diagonal t4 further
satisfiest,_x =t_xfor0 < k < p—1.

:0 tt_1 500 :7(p71) Co Cp—1 ... C4
1 0 soa —(p—2) C1q Co ... Co
Tp = o . . c ) Cp = o .

tp_1 tp_g 50 0 to Cpr-1 Cp2 ... Cp
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Toeplitz based method

Fast matrix-vector multiplication

p p—1
Zt/—ij =B Z WXik=B;, 1<i<p.
= k="(p-1)

The convolution product is performed, with only O(plog p) operations,
using Fourier transform:

B = (IDFT [DFT m -DFT[t]D L 1<i<p.

i

where - denote the point-wise multiplication product of two vectors.
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Toeplitz based method

Entries of the matrix operator

Using Euler implicit time discretization, the matrix operator is a Toeplitz

matrix with :

tn

nmzémaw@w,mon—

th—1

-~ mq
= —— =& | Dy .
tq /Rg< % f) b—1(€) d§

Introducing S(§) = > . G (& —2mm).

~ wq mq
o= (S«D, )| | ~s :
9= (5xDp ><P—;> (p—;>

b(E/h, S)d3> hle (&),
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Numerical results

European price under CGMY process

S P [Pesi Error % S P Pref Error %
80.25 22.44 | 22.44 0.34 80.57 22.20 | 22.20 0.08
85.21 18.80 | 18.80 0.50 85.21 18.80 | 18.80 0.17
90.48 15.36 | 15.36 0.66 90.12 15.58 | 15.58 0.27
94.17 13.22 | 13.23 0.75 95.31 12.62 | 12.62 0.34
100. 10.33 | 10.34 0.82 100. 10.34 | 10.34 0.37
104.08 8.63 8.64 0.81 104.91 8.32 8.33 0.36
110.51 6.45 6.46 0.73 10.07 6.59 6.59 0.31
115.02 5.24 5.25 0.64 115.48 5.14 5.14 0.23
119.72 4.22 4.22 0.53 120.20 413 4.13 0.16

Table: Price of European contract

W€, t) = —p + CM(=Y) [GY —(G+)Y + MY — (M- zﬁ)y] , Algorithm parameters:

p = 200 - left, (resp. p = 500 right) space step, N = 500 number of time steps, S spot price. We
solve the linear system using iterative solver (GMRES) with circulant preconditionner

€q =2(ReS) (%) (at most 20 iterations).
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Numerical Results

Down and out put price under CGMY process

s P Pref error %
90.95 4.43 4.45 1.96
95.86 3.87 3.89 1.38
101.04 3.42 3.43 1.65
105.95 3.04 3.05 1.33
111.09 2.69 2.71 2.07
115.86 2.40 2.40 0.35
120.85 2.13 2.13 0.21
126.04 1.88 1.89 1.05
91.17 13.22 | 0.252 0.75

Table: price of down and out put option

barrier at S = 90 and rebate of 50%. Reference price computed by Wiener Hopf factorization
method.
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Calibration by PIDE

The vector of unknown parameters 6 is found by minimizing

numerically the squared norm of the difference between market and
model prices

—argmwa,( s — T,,K)> :

where (T,K) — P’(T, K) solve the Dupire PIDE.
Proposition

If X; follows an exponential additive model, then the pseudo-differential
operator 4 of P? is given by:

g (67 t) = wb(ta _(U+7’)) = wb(tvg +Z)'

Proof, the price is homogeneous of order 1 in (S, K),

P(t,AS, T,\K) = \P(1,S, T, K).
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Calibration by PIDE, still undergoing work . . .

Following the method proposed in [Ach08],

@ solve Dupire equation,
@ solve adjoint problem to compute distribution of the fitting error,
@ compute gradient direction.

We only need to solve 2 PIDE at each step of each step of the

optimization problem. Can also be used for calibration on American
options.
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Discussion

@ Extension of Galerkin method for finite variation process, using
method of characteristic for transport dominated problem .

@ New approach based on Toeplitz system to solve the PIDE by
Galerkin method.

@ Extension to more general process: stochastic volatility models

David Pommier (CERMICS, ENPC) About equity models based on Additive proces Toronto, June 2010 24/27



References |

3 Y. Achdou.
An inverse problem for a parabolic variational inequality with an
integro-differ ential operator.
SIAM journal of Control and optimization, 2008.

[d Mukarram Attari.
Option Pricing Using Fourier Transforms: A Numerically Efficient
Simplification.
SSRN elLibrary, 2004.

[4 Peter Carr, Hélyette Geman, Dilip B. Madan, and Marc Yor.
Self-decomposability and option pricing.
Math. Finance, 17(1):31-57, 2007.

[@ Peter Carr, Dilip B. Madan, and Robert H Smith.
Option valuation using the fast fourier transform.
Journal of Computational Finance, 2:61-73, 1999.

David Pommier (CERMICS, ENPC) About equity models based on Additive proces Toronto, June 2010



References Il

[ Rama Cont and Peter Tankov.
Financial modelling with jump processes.
Chapman & Hall/CRC Financial Mathematics Series. Chapman &
Hall/CRC, Boca Raton, FL, 2004.

[§ Rama Cont and Ekaterina Voltchkova.
A finite difference scheme for option pricing in jump diffusion and
exponential Lévy models.
SIAM J. Numer. Anal., 43(4):1596—1626 (electronic), 2005.

[§ F Fang and C. W. Oosterlee.
A novel pricing method for European options based on
Fourier-cosine series expansions.
SIAM J. Sci. Comput., 31(2):826—848, 2008/09.

David Pommier (CERMICS, ENPC) About equity models based on Additive proces Toronto, June 2010



References llI

[3 Oleg Kudryavtsev and Sergei Levendorskil.
Fast and accurate pricing of barrier options under Lévy processes.
Finance Stoch., 13(4):531-562, 2009.

[A A.-M. Matache, C. Schwab, and T. P. Wihler.
Linear complexity solution of parabolic integro-differential
equations.
Numer. Math., 104(1):69-102, 2006.

David Pommier (CERMICS, ENPC) About equity models based on Additive proces Toronto, June 2010 27 /27



	Motivation
	Overview of Additive process
	Pricing by PIDE method
	Application: calibration problem
	Discussion

