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What is our work about?

@ Aim?: estimation of discontinuous volatility functions.

@ Discontinuities?: abrupt structural changes.
o Method?: nonparametric kernel estimation.

o Contribution?:

Summary
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Volatility estimation Simulations

Model

Y, = m(XZ) + U(XZ')Q‘ € ~ i.i.d(O, 1)

Fixed design or random design.

E(e|X) =0, E(?|X) =1 and E(¢*/X) < o0
EY|X =z) =m(x)

E((Y —m(X))?|X = 2) = 0*()

e 6 o6 o

Summary
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Previous work: drift estimator
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Drift estimation

Y = m(X;) + 0.4¢; with e ~ I1D(0,1)

Given a point x in the continuous part, estimator of m(x)?

0.0 0.2 0.4 0.6 0.8 1.0



Motivation Volatility estimation Simulations Summary

Drift estimation: centred estimator

The centred estimator, 1m.(x), is obtained as a regression using
the points in a neighbourhood of x, Fan and Gijbels (1997).
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Volatility estimation Simulations

Drift estimation: centred estimator
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Drift estimation: What happens at discontinuities?
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We expect the centred estimator to fall in the middle of the jump.
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Drift estimation: What happens at discontinuities?

The asymmetric estimator: find two estimators,
choose appropriately, Qiu (2003).
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Drift estimation: What happens at discontinuities?

We have three estimator, which is the best choice?
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Contribution: volatility
estimator
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Estimation of a discontinuous volatility

Y, = m(XZ) + U(Xi)ei € ~ z‘.i.d(O, 1)

Define #; = (Y; — m(X;)). Then, E(#?|X = z) = 62(x).
Fan and Yao (1998):

“While the bias of 77 itself is of order O(h?), its contribution to
62(-) is only of o(h?)".

So, we expect to get a good estimate of the volatility even if
the drift function is unknown.
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Estimation of a discontinuous volatility

Do you think that the centred estimator (Fan and Yao, 1998) is a
good choice to estimate a discontinuous volatility function?
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Estimation of a discontinuous volatility

Do you think that the centred estimator (Fan and Yao, 1998) is a
good choice to estimate a discontinuous volatility function?

@ No, because it is not consistent at discontinuities.

@ Solution: the break preserving local linear (BPLL) estimator.
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Estimation of a discontinuous volatility

w X, —x
o A _ . 22 _ X — 2 K i
(ao,k(z)val,k(w)) (alél’léll) ; {Tz ap,k a1,k( i f)} k ha

left (k=) centred (k=c) right (k=r)
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Estimation of a discontinuous volatility

The expression of the three volatility estimators:

n

X; — Spo — Sp1(X; —x

o) = g, | T sl =)
P ho 5k,05k,2 — S 1

where

3 Xl -
Sk, = Z(XZ - JJ)JKk ( h2 )

o Easy to compute.

@ No numerical minimisation.
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Estimation of a discontinuous volatility

How well are the estimators fitted to the data set?
Weighted Residuals Mean Square.

n ~ A ~ Xz — T
Yoy {7 — 8o — a1,0(Xi — SE)}QKk ( 7 )
n Xl -
= ()

2

WRMS(z) =
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Break preserving local linear

The estimator:
62 (x) diff(z) < u
67 () diff(z) > w and WRMS;(z) < WRMS,(z)
~2 _
FarLel®) =\ 52() diff(z) > u and WRMS,(z) > WRMS, ()

67 (x) + 62(x)

5 diff(x) > w and WRMS;(x) = WRM S, (z)

where diff(z) = max(WRMSc(x) — WRMS,(z), WRMS.(x) — WRMSr(z)), and
0<u<@ forall x and @ a constant.
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How is the WRMS for each estimator?

Let [a, b] be the support of X and {z,} for ¢ =1,...,m be the
finite set of points where the volatility function is discontinuous.
Then, two regions can be differentiated:

@ D is the region where the volatility function is continuous,

h h
D, = [a—l—;,b—;} \ Dy

@ Dy contains the points of discontinuity and their
neighbourhoods:

mn ho ho
_D2 = U [xq— ,l‘q+:|
et 2 2
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How is the WRMS for each estimator?

Under certain regularity conditions :
For x € D1,

WRMSi(z) = o*(2)(E(e*|X) — 1) + Rp1 ()
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How is the WRMS for each estimator?

Under certain regularity conditions :
For x € D1,

WRMSi(z) = o*(2)(E(e*|X) — 1) + Rp1 ()

For € Dy such that z = x4 + Thy with 7 € [0, %] and a jump of
magnitude d,

W RM S (x) ot (x)(BE(ef|X) — 1) + dQCfT + Ry o(x)

WRMS,(z) = o*(2)(E(eX)—1)+ Rya(z)

WRMS:(z) = o*(z)(E(e'|X)—1)+d*CZ, + Rea(x)
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How is the WRMS for each estimator?

Under certain regularity conditions :
For x € D1,

WRMSi(z) = o*(2)(E(e*|X) — 1) + Rp1 ()

For x € D9 such that x = x4 + The with 7 € [—%,O] and a jump
of magnitude d,

W RMS(x) ot(z)(E(e*|X) — 1) + Ris(z)

WRMS,(z) = o*(z)(E(e*|X)—1)+d*C2, + Ry 3(x)

WRMS:(z) = o*(x)(E(*|X)—1)+d*CZ, + Re3(x)
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MSE (continuous points)

Under certain regularity conditions and with

2
by = [ Ei(u)du and Vi = [ K(u) | FE2ZPEE gy
HE0lk2 = HE 1
For z € Dy ( ),

B.as(AQ( )) h%é’Q(Z‘) M%,Q — Hk1HE3 + (h2 +h2 + 1 )
1as(oi(x)) = o
F 2 pkopwo—pR, 2 mh

54 = 0'4 xr
Variance(67(x)) :%Vk +0p (%@)

MSE(62(x)) =Bias® + Variance
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MSE (continuous points)

Under certain regularity conditions and with

2
by = [ Ei(u)du and Vi = [ K(u) | FE2ZPEE gy
Hk,0Hk,2 — M q

For x € Dy ( ),
2
. 252(z) M2 — Mk, 1HE,3
Bias(52(z)) =122 (@) k. +0,(h2 + h% + L)
F > k20 — Mp g P + s

54 = 0'4 xr
Variance(67(x)) :%Vk +0p (%@)

MSE(62(x)) =Bias® + Variance
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MSE (continuous points)

Under certain regularity conditions and with
2
g5 — /quk(u)du and Vi, = /K,?(u) %2_—/%’11; du:
Mk, 0Mk,2 — M q
For z € Dy ( ),
Bias(67(x)) :%
Variance(67(x)) :%Vk + op ( L )

nho

MSE(62(x)) =Bias® + Variance
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MSE (continuous points)

Under certain regularity conditions and with

2
by = [ Ei(u)du and Vi = [ K(u) | FE2ZPEE gy
HEk,0Hk,2 — Hi 1

For € D; (Continuous points),

Bias(67(z)) =
Variance(6%(z)) = %

If h1,h, — 0, n — o0 and nhy — c©

MSE(62(z)) =Bias® + Variance
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MSE (continuous points)

Under certain regularity conditions and with
2
g5 — /quk(u)du and Vi, = /K,?(u) 'uk2_—ﬂkll; du:
ok, 0Mk,2 = Mg 1

For z € D; (Continuous points),

Variance(6%(z)) = ©

If h1,h, — 0, n — o0 and nhy — c©
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MSE (right side of discontinuity)

For x € Dy such that z = x4 + Thy with 7 € [0, %] and a jump of

magnitude d,
2
52(z)) = T oy Hu2 m e o (BEX) — Do)
Rl = {d —1 & )HZ,UHZ,Q —ltild } nha fx (x) EREAE)
2
R _ T (E(X) — Dot (x)
MSE(52(z)) = |:d s Ke(u)du| + e fx () Ve + op(1)
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MSE (right side of discontinuity)

For x € Dy such that z = x4 + Thy with 7 € [0, %] and a jump of

magnitude d,
2
52(z)) = T oy Hu2 m e o (BEX) — Do)
Rl = {d —1 & )HZ,UHZ,Q —ltild } nha fx (x) EREAE)
2
R _ T (E(X) — Dot (x)
MSE(52(z)) = |:d s Ke(u)du| + e fx () Ve + op(1)
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MSE (right side of discontinuity)

For x € Dy such that z = x4 + Thy with 7 € [0, %] and a jump of

magnitude d,

= . 2
MSE(62(2)) = |d [ Ky(u)—L2—HLI2 gy ) *

-3 Hi,081,2 = Ky g

] W
MSE(62(z)) = {d ch(u)du} + «

2

If h;,ho — 0, n — oo and nhy — oo
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Consistency

@ At points of continuity: all the estimators are consistent.

@ At the right of the discontinuity: only the right estimator is
consistent.

@ At the left of the discontinuity: only the left estimator is
consistent.

o The BPLL is consistent everywhere.
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CLT

Theorem
If hi,ho — 0, n — oo and nhy,nhy — oo and under certain
regularity conditions, \/nhs(0*(x) — 6%p; 1 (%) — Bu(x)) is
asymptotically normal with mean 0 and variance
? 1
d .
U+ op <nh2> ,

(B(1X) - /K [ s = i

nhzfX Hk,0/k,2 — “i,l

and bias )
h362(x) M2 — Mk,11E,3

2 pp2pko — M%,l

6n:

for k = ¢,l,r as appropriate.
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Bandwidth selection

Alternative to the plug-in bandwidth estimator:

@ The leave—one—out cross validation:
n
cv . ~9 ~2 12
(RS’ uey) = argm}in E [ri —a_z-]
i=1

where 62, is calculated without using the pair (X;,7?).
@ The leave a b—block—out cross validation for dependent data
(Patton, Politis and White (2009) shows how to find the size

of the block).

n
. ~ N 2
(1, ) = argmin Y 72 — 62,
=l

where &%bi is calculated without using the 2b + 1 pairs

(Xi—ba 7%271)), coog (XZ’ f%)v 0009 (Xi-i-bv "quer)'

Summary
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Ensuring positivity

The LL estimator, and therefore the BPLL estimator, is sometime
negative for finite samples.
Solutions:
@ Discard negative values.
@ The re—weighted Nadaraya—Watson estimator (see Hall et al.,
1999; Cai, 2002; and Phillips and Xu, 2007). It cannot be
extended to estimate discontinuous volatility functions.

The exponential local linear (ELL) (see Ziegelmann, 2002).
Computationally heavy and theoretically obscure.

(]

(]

Substitute any negative values of 6Z(x) by 67 ., (z) for
k=clr.
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Experiment 1: iid variables

Y, = m(XZ) + O'(Xi>6i

¢ ~ IIDN(0,1).

X; =I1IDU(-2,2), random design.

x are T' = 250 equidistant values in [-1.8,1.8].

n = 500, 1000, 2000, number of simulations N=200.
€; and X; are independent.

Leave—one—out cross validation.

o(x) has two discontinuities at z = —1,1

®© 6 6 6 66 o o o

Four scenarios depending on m(x):

o Scenariol: m=0
o Scenarios Il, I, IV:
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Comparison LL vs. BPLL (MISE)

Method LL BPLL
MISE MISE, | MISE MISE,
n = 500
Scenario | 0.0089 0.0060 | 0.0098 0.0039
Scenario Il | 0.0098 0.0062 | 0.0120 0.0039
Scenario IIl | 0.0093 0.0061 | 0.0109 0.0040
Scenario IV | 0.0107 0.0067 | 0.0123 0.0042
n = 1000
Scenario | 0.0047 0.0034 | 0.0037 0.0015
Scenario Il | 0.0044 0.0032 | 0.0043 0.0018
Scenario Ill | 0.0048 0.0034 | 0.0045 0.0017
Scenario IV | 0.0044 0.0032 | 0.0040 0.0016
n = 2000
Scenario | 0.0021 0.0016 | 0.0012 0.0005
Scenario I | 0.0020 0.0016 | 0.0012 0.0006
Scenario IIl | 0.0020 0.0016 | 0.0012 0.0006
Scenario IV | 0.0022 0.0016 | 0.0013 0.0005

Summary
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Comparison LL vs. BPLL

8u(x)

)

G

(d) BPLL with n = 2000

(c) BPLL with n = 500
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Experiment 2: a square root diffusion

The process is of the form:
dXt = IQ(Q — Xt>dt + o/ XtdBt

The process was generated following the algorithm in Section 3.4
of Glasserman (2004).

e z are T' = 250 equidistant values in [0.03,0.12].

e n = 500, 1000, 2000, number of simulations N = 400.

@ B, and X, are independent.

o Leave—b—block—out cross validation to obtain the bandwidth.

@ The drift and diffusion are discontinuous at x = 0.1.
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Comparison LL vs. BPLL (MISE)

Simulations

Method LL BPLL

MISE MISE, | MISE MISE,
n =500 |0.0241 0.0083 | 0.0114 0.0057
n = 1000 | 0.0120 0.0041 | 0.0039 0.0022
n = 2000 | 0.0059 0.0021 | 0.0013 0.0008

Table: MISE of LL and BPLL comparison for Experiment 2.

Summary
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Comparison LL vs. BPLL
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Conclusions

@ The break preserving estimator is consistent in the presence of
discontinuities.

o It is always positive.

o It keeps some of the smooth properties of the LL in the
continuous parts.



Motivation Volatility estimation Simulations Summary

Further interest

@ Application to the spot volatility of intra—day data (SPDR).
o Y. Zu and P. Boswijk (2009). Estimating realized spot
volatility with noisy high—frequency data.
o P. Mykland, E. Renault and L. Zhang (2009). Aggregated and
instantaneous volatility: connections and comparisons.

o F. Bandi (2009). Nonparametric identification in stochastic
volatility models.
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Further interest

@ Application to the spot volatility of intra—day data (SPDR).

o Y. Zu and P. Boswijk (2009). Estimating realized spot
volatility with noisy high—frequency data.

o P. Mykland, E. Renault and L. Zhang (2009). Aggregated and
instantaneous volatility: connections and comparisons.

o F. Bandi (2009). Nonparametric identification in stochastic
volatility models.

O o000

@ Application to the estimation of interest rates: changes of
structure in the drift and volatility.
o R. Stanton (1997). A Nonparametric Model of Term Structure
Dynamics and the Market Price of Interest Rate Risk.
e D. A. Chapman and N. Pearson (2000). /s the Short Rate
Drift Actually Nonlinear?.
o S. L. Heston (2007). A model of discontinuous interest rate

behavior, yield curves, and volatility.
o ...
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Simulated volatility function

Volatility function
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Scenario |l

Continuous function.

Scenario II: Drift function
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Scenario |l

One discontinuity at x = 0.

Scenario llI: drift function
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Scenario 1V

Two discontinuities at the same points than the volatility
function x = —1 and z = 1.

Scenario IV: drift function

- —

1.0

m(x)
00 05

-0.5
!

\m

-15
|

T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15



	Motivation
	Volatility estimation
	Simulations
	Summary

