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Basic idea of cap-and-trade systems

@ At the beginning of the compliance period, the regulator allocates
permits to the companies

@ During the compliance period, the companies can trade permits
among each other

@ At the end of the compliance period, a regulated company has to
hand in one permit or pay a penalty fee per unit of emission
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Permit price in the EU ETS during the first phase
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Figure: EUA-Dec07 futures price (22 April 2005 - 17 December 2007).
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Analyze permit price jumps in an equilibrium model

@ Equilibrium models have been widely used in literature with the aim of
showing theoretical properties of emission trading systems, especially,
its cost-effectiveness.

e EU ETS is by far the largest cap-and-trade system. Prices during the
first phase exhibited jumpy behaviour and an extreme price drop in
April/May 2006. Price dynamics have been analyzed using
jump-diffusion models, GARCH-models and regime-switching models.

Motivation of our paper
@ Modify an existing permit price model
@ Explain the permit price slump in 2006 with an equilibrium model
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Overview of selected stochastic equilibrium models (1/3)

Permit price in the model of Carmona et al. (2009)
F(t,T) = P-P(qp,1 > N|F:) (1)
P- q[t,T] >N — q[O,t]lft) if q[o’t] <N

where

@ P is the penalty fee that has to be paid for each emission unit not
covered by an emission allowance at the compliance time T.

o T is the compliance time
@ N is the amount of emission allowances handed out by the regulator

@ qjo,;) models the cumulative emissions in the time period [0, t]
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Overview of selected stochastic equilibrium models (2/3)

Permit price in the model of Chesney and Taschini (2008)

specifies the process for the cumulative emissions in the framework of
Carmona et al. (2009) by

t
qpo.1] :/o Qsds (3)

where the emission rate Q; follows a geometric Brownian motion.

There is no closed-form density for gpg 4 available.

Linear approximation approach of Chesney and Taschini (2008)

q[tl,tz] ~ EI[LA,ZQ] = Qtz(t2 - tl) (4)
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Overview of selected stochastic equilibrium models (3/3)

Moment matching approaches of Griill and Kiesel (2009)

(a) Log-normal (moment matching)
q[tl,tg] q[tl t ] /OgN (/‘LL(tl? t2) JL(t17 t2)) (5)
(b) Reciprocal gamma (moment matching)

Aty 6] ~ q[tl,tz] I1G(v6, Bic) (6)

where the parameters (1, t2), or(t1, t2) and a6 and (g are chosen
such that the first two moments of c"y[Lt‘:th] and c"y[’tGI )" Tespectively, match

those of gy, .-
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Moment matching requires two steps

(1) Compute the first two moments my of a log-normal and a reciprocal
gamma random variable and solve for the parameters.

20'2
In the log-normal case we have that my, = e****°*z and
2 my 1,
1

(2) Compute the first two moments of the integral over a geometric
Brownian motion

E [q[t]_,tz]] = Qtlatgftl (7)
E |:(q[t17t2])2:| = 2031/61“2—1‘1 (8)

and plug those into the above equation.

Georg Griill (Univ. Duisburg-Essen) Pricing CO2 permits 10



@ Introduction

@ Equilibrium models

© Permit prices for different approximation approaches
@ Theoretical discussion of permit price slump in 2006

@ Conclusion

Georg Griill (Univ. Duisburg-Essen) Pricing CO> permits

11



Permit price - linear approximation

The permit price at time t is given by

Pe='" if 4dpo,¢] >N

S:" =1 pe-rr. o _'”(1{?3];)%“_0;)7 if g0, <N

where
7= T — t is the time to compliance.
®(-) denotes the c.d.f. of a standard normal random variable.
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Permit price - log-normal moment matching

The permit price at time t is given by

Per™ if go,q = N
N=dj0,¢) 1
StLOg — oy —|n(T) +2|n(a.r)—§ In(28;) .
Fem® V/In(28-)=2In(a) if gpo,e) < N
(10)
where

7 =T — t is the time to compliance and

o, B are obtained by calculating the first and the second moment of the
integral over a geometric Brownian motion.

®(-) denotes the c.d.f. of a standard normal random variable.
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Permit price - reciprocal gamma moment matching

The permit price at time t is given by

Pe"T if go,) = N
S/G — _ 48, — 2 28, — 2 . [t (11)
' { e (N 9lo,t] |2[BT_Z§ ’ ZaTﬂO:—> If q[o’t] < N

where

7= T — t is the time to compliance and

o, B, are obtained by calculating the first and the second moment of the
integral over a geometric Brownian motion.

G(x|a, b) denotes the c.d.f. of a gamma random variable with shape
parameter a and scale parameter b.
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Relating theoretical permit prices to x;

We introduce the following two random variables that are very easy to
interpret

Time needed to exhaust the remaining permits

N — q[0,t]
= — 12
TG &
and
Over-/Underallocation in years
x¢— (T —t) (13)
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Numerical illustrations (1/2)
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Figure: Trajectory of St (x,) (left), S;° (x;) (middle) and S!¢(x.) (right) for
t€[0,1], N = Q = 100, x = 0.02 and o = 0.05.
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Numerical illustrations (2/2)
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Figure: Trajectory of x; for t € [0,1], N = Qo = 100, 1 = 0.02 and o = 0.05.
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Price slump of more than 50% can be related to an implicit
change in x; of less than 5% (1/2)

For the analysis we introduce the following notation

o t — A is the date before the publication of verified emissions that
affected the permit price (28 April 2006)

@ t is the date of the announcement of cumulative emissions (15 May
2006)

Using
e the cumulative emissions until t denoted by qjo 4
@ the futures permit price at and before publication of emission data
denoted by F(t, T) and F(t — A, T), respectively
the implicit time needed to exhaust the remaining permits before the
announcement was h(o) per cent larger where

h(o) = F(t,T)—F(t—A,T)

- fAPPIX (gt x¢) (14)

oo ()
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Price slump of more than 50% can be related to an implicit
change in x; of less than 5% (2/2)
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Figure: Linear approximation ("1"), log-normal moment matching ("2").
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Conclusion

@ Our model overcomes the shortcoming of the model of Chesney and
Taschini (2008) that the moments of the approximated cumulative
emissions do not match the true ones

@ Permit prices are inherently prone to jumps

@ Price jumps of the magnitude of 2006 are unlikely to occur again as
the measurement of the emission data has been improved significantly
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Implied over-/underallocation during the first phase of the
EU ETS
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Figure: Implied x; — (T — t) for first phase for fixed ; = 0.02 and o = 0.05.
Linear approximation approach (straight line), log-normal moment matching
(dashed line). Positive values correspond to overallocation.
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Auxiliary functions for moments of integral over GBM

{ b(eMmm) 1) ifp#0

Aty—t; = th — t1 if = 0
ue(2u+02)(t27t1)+#+027(2u+02)eu(t2,t1) '

Bto—t; = ) p(p+o2)(2u+o?) if w0
% (eU (ta—t1) _ 1-— 02(t2 — 1.'1)) if = 0
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CO» emission allowance spot price - Fitting spot price to standard stochastic processes

Literature: [Wag07], [DPMO07], [BT08], [PT08]

@ Geometric Brownian motion with drift [Wag07], [DPMO07] dS¢ = Sg[pdt + odWy]

@ Mean reverting processes
(a) Ornstein-Uhlenbeck process [Wag07] dSe = k(p — Se)dt + odW;
(b) Mean Reverting Logarithmic process|DPMO07] d(In(St)) = w(p — In(Se))dt + ocdWe
(c) Constant Elasticity Variance [DPM07] dS¢ = Kk(pu — Se)dt + S odW;
(d) Mean Reverting Square-Root process [DPMO07] dSe = k(p — Sg)dt + /SgodW,
(e) OU-process in the interval (a, b) as in Ingersoll (1997) [Wag07]
@ Jump diffusion models
(2) JD of Merton (1976) [Wag07] % = (u — Ak — %2) dt + cdWe + (Ye — 1)dNq
(b) Mean Reverting Square-Root process augmented by Jumps [DPMO07]
dS¢ = k(p — Se)dt + /SgodWe + odWe + (Ye — 1)dNg

@ GARCH-Models
(a) AR(1)-GARCH(1,1) with normal innovation distribution [BT08]
(b) AR(1)-GARCHY(1,1) with generalized asymmetric t innovation distribution [PT08]
(c) AR(1)-MiXN(r,s)-GARCH(1,1) [PT08]
(d) Heston-GARCH(1,1) as in Heston and Nandi (2000) [Wag07]
@ Regime-Switching models
(a) RS-Model of Wagner [Wag07] St = S¢—1 + 1R, + OR,Et Where R¢ is a Markov chain
(b) RS-Model of Benz and Triick on page 15 [BT08]
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