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Models of Insider Trading

@ Anticipative Integration approach: Biagini and @ksendal
(2005), Dksendal (preprint).
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Models of Insider Trading

@ Anticipative Integration approach: Biagini and @ksendal
(2005), Dksendal (preprint).

@ Enlargements of Filtration approach: Pikovsky and
Karatzas (1996); Imkeller, Pontier and Weisz (2000);
Imkeller (2002); Ankirchner and Imkeller (2006).

@ Rational Expectations Equilibrium approach: Back (1992),
Back and Pedersen (1998), Wu (1999), Cho (2003), Campi
and Cetin (2007)
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Economic Model

Market structure

Consider a market which consists of a single risky asset and a
riskless asset with r = 0.

Its price at time is denoted by S; and Sy = f(Z;), where Z; is
given by

t
z,:zo+/0 o(s)a(V(s), Zs)dBZ,

where B} is a standard BM, and V(t) = ¢ + [§ o(s)ds.
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Economic Model

Market structure

Consider a market which consists of a single risky asset and a
riskless asset with r = 0.

Its price at time is denoted by S; and Sy = f(Z;), where Z; is
given by

t
Z =2 +/ o(s)a(V(s), Zs)dBZ,
0
where B} is a standard BM, and V(t) = ¢ + [§ o(s)ds.

Assumptions:
@ fis a strictly increasing function.
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Economic Model

Market structure

Consider a market which consists of a single risky asset and a
riskless asset with r = 0.

Its price at time is denoted by S; and Sy = f(Z;), where Z; is
given by

t
z,:zo+/0 o(s)a(V(s), Zs)dBZ,

where B} is a standard BM, and V(t) = ¢ + [§ o(s)ds.
Assumptions:
@ fis a strictly increasing function.
Q V(t) > tforeveryte[0,1), V(1) =1, and
V(t)—t=0(1-1).
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Economic Model

Market structure

Consider a market which consists of a single risky asset and a
riskless asset with r = 0.

Its price at time is denoted by S; and Sy = f(Z;), where Z; is
given by

t
z,:zo+/0 o(s)a(V(s), Zs)dBZ,

where B} is a standard BM, and V(t) = ¢ + [} o(s)ds.
Assumptions:
@ fis a strictly increasing function.
Q V(t) > tforeveryte[0,1), V(1) =1, and
V(t)—t=0(1-1t).
© a(t, z) satisfies a nonlinear PDE:

a(t,2)
5 a

al‘(ta Z) +
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Economic Model

Market participants

There are three types of agents on the market:

@ Noisy/liquidity traders: their total demand by time t is given
by standard Brownian motion B; independent of BZ, Z,
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Economic Model

Market participants

There are three types of agents on the market:

@ Noisy/liquidity traders: their total demand by time t is given
by standard Brownian motion B; independent of BZ, Z,

@ Informed investor: observes F/ = }}Z’S and is risk-neutral,
i.e. she solves

1
SupyE[X?] = supsE[(S1 — S1_ )01 + /0 65 dSq]
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Economic Model

Market participants

There are three types of agents on the market:

@ Noisy/liquidity traders: their total demand by time t is given
by standard Brownian motion B; independent of BZ, Z,

@ Informed investor: observes F/ = }}Z’S and is risk-neutral,
i.e. she solves

1
SupyE[X?] = supsE[(S1 — S1_ )01 + /0 65 dSq]

@ Market maker: observes FM = 7, where Y; = 0; + B is
the total order process and sets the price according to

H(t, X;) := S; = E[S;|FM]

where X; is strong solution of dX; = w(t, X;)dY:, Xo =0
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Economic Model

Definition of Equilibrium

Definition A triplet (H*, w*, 0*) is said to form an equilibrium if
(H*, w*) is an admissible pricing rule, 0* is an admissible
strategy, and the following conditions are satisfied:
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Economic Model

Definition of Equilibrium

Definition A triplet (H*, w*, 0*) is said to form an equilibrium if
(H*, w*) is an admissible pricing rule, 0* is an admissible
strategy, and the following conditions are satisfied:
@ Market efficiency condition: given 6*, (H*, w*) is a rational
pricing rule.
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Economic Model

Definition of Equilibrium

Definition A triplet (H*, w*, 0*) is said to form an equilibrium if
(H*, w*) is an admissible pricing rule, 0* is an admissible
strategy, and the following conditions are satisfied:
@ Market efficiency condition: given 6*, (H*, w*) is a rational
pricing rule.
© Insider optimality condition: given (H*, w*), 8* solves the
insider optimization problem:

EZ[W{"] = sup E*[Wf].
fcA
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Economic Model

Characterization of Equilibrium

Lemma If a triplet (H*, w*, 0*), where (H*, w*) is an admissible
pricing rule and 6* is an admissible trading strateqy, fulfills the
following conditions:

Q Hi(t,x) + WU pe (4 x) = 0.
@ wy(t,x)+ W wr (1 x) = 0.
©Q Y} = B: + 0f is a standard BM in its own filtration.

Q H*(1,X{) = f(Z), where X* is the solution to
= S w(s, Xs)dY; with Y* = B+ ¢*.
Q (H*(t,X{))sep.1) is @an F¥" -martingale.
then it is an equilibrium.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

Goal: Given V/(t) satisfying assumption 2, and
t
Zi=Zo+ [ ols)a(V(s). Zs)BE
0

construct a process X, starting from zero and adapted to ]-"tz B
and measure u such that:
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

Goal: Given V/(t) satisfying assumption 2, and
t
Zi=Zo+ [ ols)a(V(s). Zs)BE
0

construct a process X, starting from zero and adapted to ]-"tz B ,

and measure u such that:

C1Y=(Q,F, (F), (X, 4), (PX’Z)(Xyz)eRz) is a Markov
process, with an initial distribution given by ég ® .
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

Goal: Given V/(t) satisfying assumption 2, and
t
Zi=Zo+ [ ols)a(V(s). Zs)BE
0

construct a process X, starting from zero and adapted to ]-"tz B

and measure u such that:

C1 Y= (QF, (F1),(Xt, Z), (P*%)(x.2)er2) is @ Markov
process, with an initial distribution given by §y ® p.

C2 Xy =2, Q%-a.s., where Q¥ is the law of (X, Z) with Zy = z
and X, = 0.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

Goal: Given V/(t) satisfying assumption 2, and
t
Zi=Zo+ [ ols)a(V(s). Zs)BE
0

construct a process X, starting from zero and adapted to ]-"tz B

and measure u such that:

C1 Y= (QF, (F1),(Xt, Z), (P*%)(x.2)er2) is @ Markov
process, with an initial distribution given by §y ® p.

C2 Xy =2, Q%-a.s., where Q¥ is the law of (X, Z) with Zy = z
and X, = 0.

C3 X with Xo = 0 is a martingale in its own filtration and
(X, X]: = J§ &(s, Xs)ds.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

@ Due to Fitzsimmons, Pitman & Yor (1993) (see also
Baudoin (2002)), the solution X of

Gx(1 - t, X[, Z)

G(1 — t, Xt, Z)

where G is the transition density of d¢; = a(&;)dpt, is a

Markov process convergingto zas t — 1.

dX; = a(X;)dB; + a(X;) at,
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

@ Due to Fitzsimmons, Pitman & Yor (1993) (see also
Baudoin (2002)), the solution X of

Gx(1 - t, X[, Z)

G(1 — t, Xt, Z)
where G is the transition density of d¢; = a(&;)dpt, is a
Markov process convergingto zas t — 1.

e If Z;, independent of B, has a density G(1,0, ), then

Gx(1 —t, Xt,24)

G(1 —t, Xt,2Zy)

gives the process we "want": FX -martingale with X; = Z;.

dt,

dX; = a(X;)dB; + a2(X;)

dX; = a(X;)dB; + a2(X;) dt,
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess

Verification of the Guess

@ Due to Fitzsimmons, Pitman & Yor (1993) (see also
Baudoin (2002)), the solution X of

Gx(1 - t, X[, Z)

G(1 — t, Xt, Z)
where G is the transition density of d¢; = a(&;)dpt, is a
Markov process convergingto zas t — 1.

e If Z;, independent of B, has a density G(1,0, ), then

Gx(1 -, Xt,Z1)

G(1 -t X1,2y)
gives the process we "want": FX -martingale with X; = Z;.

@ |dea: For for t < 1, consider p(dz) = p(0, x, z) and

pX(tu va Zt)

p(ta Xfa Zf)

where p(t, x, z) is conditional density of Z; given X;.

dX; = a(X;)dB; + a(X;) at,

dX; = a(X;)dB; + a2(X;)

dt,

dX; = a(t, X;)dB; + a2(t, X;) dt,
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Restatement of the Problem:

Let

X
A(t, ::/ ay,
60= ) atn®
and consider U; = A(V(t), Z;) and R; = A(t, X;). By Itd
dUy = o(t)dB: + o2(t)b(V(t), Uyp)dt

pX(t7 Rt7 UI‘) }
dR; = dB +{+bl‘,R at,
: : p(t, R, Ut) (- Ay

where b(t,y) := A1, A~ (1,y)) - bas(t, A~ (1,y)).

Then p(t, x, z) is conditional density of Z; with respect to F¥ iff
% = p(t, A= (t, x), A1 (V(t), 2)) is conditional
density of U; with respect to Ff.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.

@ Compare with

dUy = o(t)dBZ + o2(t)b(V(t), Ur)dt
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.

@ Compare with

dUy = o(t)dBZ + o2(t)b(V(t), Ur)dt

o V(t)=c+ [{o?(u)du
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.

@ Compare with

dUy = o(t)dBZ + o2(t)b(V(t), Ur)dt

o V(t)=c+ f 2(u)du = use Xy (s as a proxy for Z;?
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.

@ Compare with

dUy = o(t)dBZ + o2(t)b(V(t), Ur)dt

o V(t)=c+ f 2(u)du = use Xy (s as a proxy for Z;?
@ A natural candidate is p(t, x, z) := I'(t, x; V(t), z), where
I(t,x; s, z) is a transition density for d¢; = dg; + b(t, (;)dt.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Candidate for conditional density

@ We expect:
e p(t, x, z) to be conditional density of U; given R; = x,
e to have dR; = dB + b(t, Ry)dt in its own filtration.

@ Compare with

dUy = o(t)dBZ + o2(t)b(V(t), Ur)dt

o V(t)=c+ f 2(u)du = use Xy (s as a proxy for Z;?
@ A natural candidate is p(t, x, z) := I'(t, x; V(t), z), where
I(t,x; s, z) is a transition density for d¢; = dg; + b(t, (;)dt.
Note: Existence of I' is equivalent to the existence of the
fundamental solution of

wy(u,z) = %sz(u, z) — (b(u,z)w(u, 2));. (2)
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is p the conditional density?

From general filtering theory we have:
— t1 N t -
70D = F(Up) + /0 502 (0050 + /O f(Us)rs — F(Us)radls,

where dls = {dRs — Fsds}, ks := 2SFeE) 4 (s, Rs),

ds = f"(Us) + 2f'(Us)b(s, Us) and (I:\IS)SE[OJ) denotes the
optional projection of H given FF.

Let g:(-) be the conditional density of U; given 7. The above
suggests that (g:(-)):c[o,1 is the weak solution to the SPDE

91(2) = T(0,0; ¢, 2) + J§ 2(5) { ~(b(s. 2)g5(2))z + 3(9s(2))zz | s
+f0 gs(2) (px((ss/,;:zz)) o 9s(z )Px(sS,f;sz)) dZ) dls.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all { € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(ta Rta Ut) }
dR; = dB +{+bt,R at,
‘ U R oy PR

and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all { € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(ta Rta Ut) }
dR; = dB +{+bt,R at,
‘ U R oy PR

and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1
= R is the unique strong solution up to an explosion time.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all t € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(tv Rtv Ut) }
R; = dB = R
dR; dB: + { o(t, Br, U) + b(t, Ry) ¢ dt,
and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1
= R is the unique strong solution up to an explosion time.
= the solution have strong Markov property for any stopping
time strictly less than the explosion time.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all t € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(tv Rtv Ut)
dR, — dB;+ { TR R,)} dt,
and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1
= R is the unique strong solution up to an explosion time.
= the solution have strong Markov property for any stopping
time strictly less than the explosion time.
= enough to show that there is no explosion until 1
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all t € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(taRhUI)
dR; = dB —f—{—l—bt,R }dt,
‘ U R oy PR

and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1

= R is the unique strong solution up to an explosion time.

= the solution have strong Markov property for any stopping
time strictly less than the explosion time.

= enough to show that there is no explosion until 1
Assumption 4 b, b, and by are uniformly bounded on [0, 1] x R,
and by, is HOlder continuous uniformly in .
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is R; well-defined for all { € [0, 1]?

We have:
dUy = o(t)dB: + o2(t)b(t, Uy)dt

pX(ta Rta Ut) }
dR; = dB —f—{—l—bt,R at,
‘ U R oy PR

and pyx/p + b is locally Lipschitz for t € [0, T] forany T < 1

= R is the unique strong solution up to an explosion time.

= the solution have strong Markov property for any stopping
time strictly less than the explosion time.

= enough to show that there is no explosion until 1
Assumption 4 b, b, and by are uniformly bounded on [0, 1] x R,
and by, is HOlder continuous uniformly in .

Proposition: Suppose that Assumptions 2 and 4 hold. Then
QZ(IimH1 Fl’t = U1) =1
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mif = E[f(Up)| 7.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mif = E[f(Up)| 7.

Consider the operator

2
Agd(t, X) = g‘f(t )+1 2(t)8 99 (£, x) + o2(t)b(t, ) 22

the corresponding martingale problem is well-posed

9¢

2t X),
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mif = E[f(Un)| 7).
Consider the operator

) 9
Aog(t, X) = 8? (;b

the corresponding martingale problem is well-posed =- can
modify arguments of Kurtz-Ocone (1988) and obtain that

1 9%
(t, )+— 2(1‘)8 5 (1, X) + a2(1)b(t, x) (1, X),

t t t
mif = 7rof—|—/0 ws(Aof)ds—i—/O [rs(ksf) — msrsmsf] d {Rt —/O WSKSdS}
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mif = E[f(Un)| 7).
Consider the operator

o9 12 9?9 99
Aoo(t, x) = S (8, X) + 50°(1) 55 (8,X) + o (Db(1, X) 5
the corresponding martmgale problem is well-posed =- can
modify arguments of Kurtz-Ocone (1988) and obtain that

(t,x),

t t t
mif = 7rof—|—/0 ws(Aof)ds—i—/O [rs(ksf) — msrsmsf] d {Rt —/O WSKSdS}

has unique solution.
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mif = E[f(Un)| 7).
Consider the operator

0 1 0? 0
Aot x) = 221, %) + Z02(00 (1) + P (1)b(t ) 00
ot ox ox
the corresponding martmgale problem is well-posed =- can
modify arguments of Kurtz-Ocone (1988) and obtain that

(t,x),

t t t
mif = 7rof—|—/0 ws(Aof)ds—i—/O [rs(ksf) — msrsmsf] d {Rt —/O WSKSdS}

has unique solution. = p is conditional density of U
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

So, is p conditional density?

Let P be the set of all probability measures on B(R). Define
mef = E[f(Up)|FF).
Consider the operator

0 1 0? 0
Aot x) = 22t x) + 2020251, x) + P ()b(E ) (8, %)
the corresponding martmgale problem is well-posed =- can
modify arguments of Kurtz-Ocone (1988) and obtain that

t t t
mif = 7rof—|—/0 Ws(-Aof)d3+/() [rs(ksf) — msrsmsf] d {Rt —/O WSKSdS}

has unique solution. = p is conditional density of U

= p(t, x, x) = BLAX: ;Zf‘z()z YU)) . — G(t, x, V(t), 2) is conditional

density of Z, where Gis a transmon density of dn; = a(t, n:)dp;.

Luciano Campi, Umut Cetin, Albina Danilova Markov bridges and insider trading



Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is X a local martingale?

Since
px(t, Xt, Zt)

aX; = a(t, X;)dB; + & (t, X;) 222 =Y
t ( t) ! ( t) p(ta Xtazt)

dt,
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Is X a local martingale?

Since (t.%0.2)
dX; = a(t, X;)dB; + &2(t, X;) P 2L LU g
t ( t) ! ( t) p(ta Xtazt)
it follows that
ta Xfuzt) X
dX; — a(t, X\)dBX + (1. X E[M}" ]dt,
¢ = alt. X)db; (£:%0) o(t, X, Z) |71

where BX is an FX —Brownian motion.
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Is X a local martingale?

Since (t.%0.2)
dX; = a(t, X;)dB; + &2(t, X;) P 2L LU g
t ( t) ! ( t) p(ta Xtazt)
it follows that
ta Xfuzt) X
dX; — a(t, X\)dBX + (1. X E[p)((]—“ ]dt,
¢ = alt. X)db; (£:%0) o(t, X, Z) |71

where BX is an FX—Brownian motion. However, since
p(t, Xz, ) = G(t, Xt; V(t), z) is the conditional density of Z;,

{Px(t Xt,Zt
(8, X2, Zt)

/ Gx(t, Xi; V(t),2)dz =
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Is X a local martingale?

Since (t.%0.2)
dX; = a(t, X;)dB; + &2(t, X;) P 2L LU g
t ( t) ! ( t) p(ta Xtazt)
it follows that
ta Xfuzt) X
dX; — a(t, X\)dBX + (1. X E[p)((]—“ ]dt,
¢ = alt. X)db; (£:%0) o(t, X, Z) |71

where BX is an FX—Brownian motion. However, since
p(t, Xz, ) = G(t, Xt; V(t), z) is the conditional density of Z;,

{Px(t Xt,Zt
(8, X2, Zt)

/ Gx(t, Xi; V(t),2)dz =

= X is local martingale
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Problem Formulation
Construction of Dynamic Markov Bridge Motivation for the Guess
Verification of the Guess

Main Result

Theorem Suppose that Assumptions 2 and 4 hold, and
u(dz) = G(0,0;c,z)dz. Letfor t < 1

pX(taxt)Zt)

adX; = a(t, X;)dB; + &(t, X
= a(t, X;)dB; ( t)p(txhzt)

dt,
where p(t, x, z) := G(t, x; V(t), z), on every interval [0, T] with
T < 1, there exists a unique strong solution to the above SDE

with the initial condition Xy = 0. Moreover, the conditions
C1-C3 are satisfied.
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Theorem Under Assumptions 1-4, there exists an equilibrium
(H*, w*,6%), where
(i) H*(t,x) = [ f(y)G(t, x;1,y)dy, and w*(t, x) = a(t, x) for
all (t,x) € [0,1] x R;
(i) 07 = J{azds where o} = a(s, Xs)% and the process
X is the unique strong solution under FB< of the following
SDE:

px(t, Xt, Zt)

at, Xo=0.
o(t, X, Z4) 0

dX; = a(t, X;)dB; + &(t, X;)
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