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Setting

Assumptions:
Q@ r=0.
@ fixed Martingale measure PP.
© time horizon: [0, T].
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Assumptions:
o r=0.
@ fixed Martingale measure PP.
© time horizon: [0, T].
stochastic vol model:

dSt(w) = Se(w)o(t, w)dBe(w), o = o(t,w)
o(t,w) progressively measurable.

local vol:
dS:(w) = Se(w)(t, Se(w))dBi(w)

o = o(t,s) is deterministic.
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Setting 2

Theorem (Gydngy, '86)
Assume S satisfies dSi(w) = St(w)o(t,w)dBi(w), o = o(t,w).
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Setting 2

Theorem (Gydngy, '86)

Assume S satisfies dS¢(w) = S¢(w)o(t,w)dBi(w), o = o(t,w). There
exists a deterministic & = &(t,s) so that S, given by

dgt = St&(t, gt) dBt

satisfies law(S;) = law(S;) for all t € [0, T].
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Setting 2

Theorem (Gydngy, '86)

Assume S satisfies dS¢(w) = S¢(w)o(t,w)dBi(w), o = o(t,w). There
exists a deterministic & = &(t,s) so that S, given by

dgt = St&(t, gt) dBt

satisfies law(S;) = law(S;) for all t € [0, T].

explicit representation: 5%(t,s) = E[o%(t,w)|S; = s].

Price of European call C = C(t, K) depends solely on law(S;).
= (S¢) and (S;) generate the same call prices C = C(t, K).
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Setting 3

Assume that for s > 0, t € [0, T] call prices C(t, K) are known. Define

~ 0:C(t,s)
2 —o_t=\">3
g (t,S) 528KKC(t,S)

Then S, dS; = 5,5(t, S;)dB; reproduces C(t, K).

Dupire’s formula:
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options? )

we, today: realized variance and options thereon

V:/0T02(t)dt resp. \"/:/OT#(t,E(t))dt
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options?

we, today: realized variance and options thereon
T . T .
V= / Y / 52(t, 5(1)) dt
0 0

Important observation: E[V] = E[V].
l.e. the variance swap has the same price in stoch. / loc. vol model:
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options?

we, today: realized variance and options thereon
T . T .
V= / Y / 52(t, 5(1)) dt
0 0

Important observation: E[V] = E[V].
l.e. the variance swap has the same price in stoch. / loc. vol model:

;
E[V] :E/O E[o?(t,S: =s)[s = 5] dt
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options?

we, today: realized variance and options thereon
T . T .
V= / Y / 52(t, 5(1)) dt
0 0

Important observation: E[V] = E[V].
l.e. the variance swap has the same price in stoch. / loc. vol model:

E[V] = /TE[E[UZ(t, Si=5s)|s= St]} dt
0
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options?

we, today: realized variance and options thereon
T . T .
vz/<ﬂom resp. V:/‘#@ﬂﬂwt
0 0

Important observation: E[V] = E[V].
l.e. the variance swap has the same price in stoch. / loc. vol model:

mVp:l/TE@p%nsfngzﬁqyﬁ
0

.
_ /'ﬂm&@gquzaﬂm
0
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Tempting: Given call prices from the market (dS = oS dB), set up the
local vol model, use it to price more complicated options.

Question: useful information for the price of exotic options? )

we, today: realized variance and options thereon
T . T .
V= / Y / 52(t, 5(1)) dt
0 0

Important observation: E[V] = E[V].
l.e. the variance swap has the same price in stoch. / loc. vol model:

E[V] = /TE[E[UZ(t, Si=5s)|s= St]} dt
0

T T
_ /0E[E[o2(t,5t:s)]s:5tﬂdt:/o E[02(t)] dt = E[V].
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Uy R s b s Upeais Upiies

Returning to the lower bound, it has been conjectured’ that the min-
imum possible value of an option on variance is the one generated from
a local volatility model fitted to the volatility surface. Clearly options on
variance have value even in a local volatility model because realized variance
depends on the realized path of the stock price from inception to expiration.

A Practitoner Gude Given that local variance is a risk-neutral conditional expectation of instan-
it taneous variance, it seems obvious that any other model would generate

G extra fluctuations of the local volatility surface relative to its initial state.
| ) S il chauw el tadvwan daahs cacaria sl Vaovees Waaiads o asssaiw
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= g Returning to the lower bound, it has been conjectured’ that the min-
-I-HE imum possible value of an option on variance is the one generated from
a local volatility model fitted to the volatility surface. Clearly options on

variance have value even in a local volatility model because realized variance
depends on the realized path of the stock price from inception to expiration.
Given that local variance is a risk-neutral conditional expectation of instan-
e taneous variance, it seems obvious that any other model would generate

G extra fluctuations of the local volatility surface relative to its initial state.
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A Practitioner’s Guide

recall: V = [ o2(t)dt V=[] 5%(t,5(¢t)) dt

Conjecture:  E[(V — K)T] > E[(V — K)*] forall K > 0. J
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g Returning to the lower bound, it has been conjectured! that the min-
'I'HE imum possible value of an option on variance is the one generated from
a local volatility model fitted to the volatility surface. Clearly options on

variance have value even in a local volatility model because realized variance
depends on the realized path of the stock price from inception to expiration.
Given that local variance is a risk-neutral conditional expectation of instan-
taneous variance, it seems obvious that any other model would generate

A Practitioner’s Guide

JIM GATHERAL
S extra fluctuations of the local volatility surface relative to its initial state.
Plawliauwn sbacs el Twdeaasa Sauwe carwes ol Vasou Looviaedes SO aoosso
. T 2 v — (T =204 &
recall: V = [, o%(t)d V= [, &%(t,5(t))dt
Conjecture:  E[(V — K)T] > E[(V — K)*] forall K > 0. J

June 2010
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Excursion: convex — order

11, fi prob. measures on R, [* xdu(x) = [ xdji(x).

—0O0
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Excursion: convex — order

11, fi prob. measures on R, [* xdu(x) = [ xdji(x).

—00
TP =

/CP(X) du(x) > /(p(x) dfi(x) for every convex p : R — R

Tfae:
o E[(V — K)t] > E[(V — K)T] forall K> 0.
o E[p(V)] = E[p(V)] for every convex ¢ : R — R.
o law(V) =c law(V) in the convex order.
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Counterexample

Idea: pick a model such that V' is >=.-minimal, i.e. deterministic.
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Counterexample

Idea: pick a model such that V' is >=.-minimal, i.e. deterministic.

Example: Black-Scholes “mixing” model on [0, 3]

dst = StUtdBt, 50 = 1.

Fair coin flip e = £1 (independent of B), 0% = 0?2,

2 iftel0,1], 2 iftel0,1],
ol(t):=43 ifte]l,2, o2(t):=<1 iftell,2],
1 ifte€)2,3], 3 ifte€]2,3].
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Counterexample

Idea: pick a model such that V' is >=.-minimal, i.e. deterministic.

Example: Black-Scholes “mixing” model on [0, 3]

dst = StUtdBt, 50 = 1.

Fair coin flip e = £1 (independent of B), 02 = o2,
2 iftel0,1], 2 iftel0,1],
ol(t):=43 ifte]l,2, o2(t):=<1 iftell,2],
1 ifte€)2,3], 3 ifte€]2,3].

— V= [Jo%(t)dt =6.
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V=35 t, S;) dt is not deterministic:
0
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Counterexample / local vol part: d5, = Sta( ,St)dBt

V=3 52(t, S;) dt is not deterministic:
(a) %(t,s) = E[0?(t)|S; = 5]
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Counterexample / local vol part:

V=3 52(t, S;) dt is not deterministic:
(a) %(t,s) = E[0?(t)|S; = 5]

log(s)
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Counterexample / local vol part: d5, = i&(t, St)dBt

V = [252(t,5,) dt is not deterministic:

(b) (g}) has
full support.

log(s)
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Counterexample / local vol part:

V = [252(t,5,) dt is not deterministic:

(b) (S}) has
full support.

log(s)

for yellow paths: 03 52(t, S¢(w)) dt > 6

log(s) "
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Counterexample

V= fo o(t,5;) dt = 6, but

V= f03 52(t, St) dt is not deterministic
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Counterexample

V= fo o(t,5;) dt = 6, but )
= V¥V

V= f03 52(t, St) dt is not deterministic
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Counterexample

V= [2o(t,5)dt =6, but )
= V¥V
f 2(t,5;) dt is not deterministic

More specific, consider call with strike 6, i.e. f(v):= (v —6)":
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Counterexample

V= [2o(t,5)dt =6, but )
= V¥V
f 2(t,5;) dt is not deterministic

More specific, consider call with strike 6, i.e. f(v):= (v —6)":

E[(V - 6)*] = 0
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Counterexample

V= [2o(t,5)dt =6, but )
= V¥V
f 2(t,5;) dt is not deterministic

More specific, consider call with strike 6, i.e. f(v):= (v —6)":

E[(V —6)T]=0<E[(V —6)].
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Some remarks/variations
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Some remarks/variations

© ¢ can be chosen adapted to o((B¢))o<t<3
= generalized Black-Scholes-model, in particular complete.
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Some remarks/variations

© ¢ can be chosen adapted to o((B¢))o<t<3
= generalized Black-Scholes-model, in particular complete.

@ o(.,w) can be chosen in a continuous/smooth way.

© Using Gyongy's result in two dimensions, one obtains a
counterexample of (time-inhomogenous) Markovian structure.

M. Beiglbock (Universitat Wien) Overprized options in local vol models June 2010



Conclusion
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V=V

-) experiments by Hans Biihler in the Heston-model
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Conclusion

@ Numerically there is some evidence in favor of

V=V

-) experiments by Hans Biihler in the Heston-model
-) in the above example we find

E[(V —6)"] =0, E[(V —6)"] ~ 0.026.
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Conclusion

@ Numerically there is some evidence in favor of

V=V

-) experiments by Hans Biihler in the Heston-model
-) in the above example we find

E[(V —6)"] =0, E[(V —6)"] ~ 0.026.

@ Further assumptions are necessary to rigorously prove

Ve V.
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