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Dynamic (

e B — a d-dimenional Brownian Motion on a probability space
(Q,F,P)
o F = {F;}+>0 — an augmented filtration generated by B.

o v < v — two F-stopping times v, v with v < v, P-as.
° S, 2 {F—stopping timeso: v <o <7, P—a.s.}
A dynamic convex risk measure (DCRM) is a family of mappings
{pvy : L®(Fy) — ]LP"(.7-"V)}V<7 such that V¢, n € L>®(F,)
e “Monotonicity”: p, (&) < puy(n), P-as. if £ >1n, P-as.
e “Translation Invariance”: p,~({+n) = p,4(§) —n, P-as.
if n € L>(F,).
e “Convexity”: Ve (0,1)
Pvy ()‘5 +(1- )‘)77) < Apvy(§) + (1 = N)puy(n) . P-as.
e “Normalization”: p,,(0) =0, P-as.




Dynamic Convex Risk Measures
Assump

(A1) “Continuity from above”: If £, & in L*°(F,), then
nl'_[T;OT Pvy(€n) = puy(€),  P-as.

(A2) “Time Consistency”: p, o(—ps~(&)) = puy(€), P-as.,
Voes,,.

(A3) “Zero-One Law”: p,(148) = 1apu~(§), P-as., VA€ F,.

(A4) egsesglf Ep [£|F:] = 0, where A 2 {€ e L®(F7) @ pe,7(€) <0}



Dynamic Convex Risk Measures

@ Entropic Risk Measure:
P2 (€) = aln {E[e*éﬂfy] } ¢ € L®(F,)

is a DCRM satisfying (A1)-(A4).
(@ > 0 is referred to as “risk tolerance coefficient").




Dynamic Convex Risk Measures
Motivatic

Optimal Stopping for DCRMs

Given v € Sp, 7 and a bounded, adapted reward process Y we are
interested in finding a stopping time 7.(v) € S, 7 such that

Pv,r.(v) (YT*(V)) = sz%iunfpl/,’y (YW) > P-as. (1)

v
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A Robust Representation of DCRMs
Robust R

@ M¢® — the set of all probability measures on (€, F) that are
equivalent to P.

e VQ € M¢, its density process Z9 w.r.t. P is the stochastic
exponential of some process 9 with fOT 1092dt < 0o, P-as.

Q Q e 1 (%02
Z! :5(9 oB)t:exp /095st_2/0 169%ds b .

e Vv & Sy 1 we define

P, 2 {QeM*: Q=PonF,}



A Robust Representation of DCRMs

A Robust Representation of DCRMs (Delbaen, Peng and

Rosazza-Gianin, '09)

Let {p,w}lK7 be a DCRM satisfying (A1)-(A4). Yv <~ and

£ € L*°(F,), we have

-
pu(€) = esssup Eq {—5 —/ f(s,HS) ds ’ ]-',,} , P-as., (2)
Q v
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A Robust Representation of DCRMs (Delbaen, Peng and

Rosazza-Gianin, '09)

Let {p,w}lK7 be a DCRM satisfying (A1)-(A4). Yv <~ and

£ € L*°(F,), we have

pu(&) = esssup Egq {—5 — /w f(s, 93) ds ’ ]-',,} , P-as., (2)
QEQ v

where f : [0, T] x Q x RY — [0, 00| satisfies

(f1) f(-,-,z) is predictable Vz € R¥;

(f2) f(t,w, ) is convex and lower semi-continuous for

dt x dP-as. (t,w) € [0, T] x ;

(f3) f(t,w,0) =0, dt x dP-as,;

and Q, 2 {Q €eP,: EQ_];ij(s,Q_?)ds < oo}.




Robust Optimal Stopping
Robust C

In light of the robust representation (2), we can alternatively write
the optimal stopping problem (1) of DCRMs as

%))

T« (V)
— ocd Q
= egglgnuf Eq [YT*(V) —i—/y f(S, 0, )dS

.
esssup <essinf Egq [Yy + / f(s7 05Q> ds
’YGSV,T QEQ}/ v

fu] SN )

which is essentially a robust optimal stopping problem!



Robust Optimal Stopping
Some Re

o Discrete-time case: (Follmer and Schied, '04);

@ Stochastic controller-stopper game: (Karatzas and
Zamfirescu, '08);

e For non-linear expectation: (Bayraktar and Yao, '09).
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To address (3), we assume
@ Y is a continuous bounded process;
o F:[0, T] x Q x RY — [0,00] is a Z2B(RY)/%(]0, o0])
-measurable function satisfying (f3), where &2 is the
predictable o-field on [0, T] x €;
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Lower an

To address (3), we assume

@ Y is a continuous bounded process;

o F:[0, T] x Q x RY — [0,00] is a Z2B(RY)/%(]0, o0])
-measurable function satisfying (f3), where &2 is the
predictable o-field on [0, T] x €;

Fy} ):

and define
AN v Q
e V(v) = esssup egsmf Eq|Y, + f<s, 0 )ds
e 14
f])
as the lower and upper values at v € Sp 7 respectively.

YES,, T

A ’Y
o V(v) = essinf E Y+/f ,609) d
e L T
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Given a Q € Qq, for v € S 1 we define
RO(1) £ esssup EQ[YC+ / ‘ f(s, ef)ds‘;@} >y,  (4)
CES,, T v
The Classical Optimal Stopping (EI Karoui, '81)
1. The process {RQ(t)}tE[O,T] admits an RCLL modification R?-°
such that Vv € Sp, 1, RIP = RP(v), P-as.

2. Foreach v € Sp T, TQ(I/), the first time after v when R0
meets Y satisfies
g]

.7-}] , P-as.

°v)

RO(v) = Eg

RO(r9(v)) + /VT

)
Y,a0) + / f(s, af)ds

Hence, 79(v) is an optimal stopping time for (4).

f(s, af)ds
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Robust Optimal Stopping
Truncation

Vv e 8o, and k € N, we define a subset of Q,
ok £ {Qep,: |02V (tw,02w)) <k

dt x dP-a.s. on |v, T]]}

Given a Q € Q, for some v € Sp 7, we truncate it as follows:

@ Vk €N, define a predictable set
A2 = {(tw) el TI: 62w) Vv £ (£,w,02(w)) < k}.

@ The predictable process HQV’ =1, 69 gives rise to a
v,k

k k i dQUk A QUk
QVK € OF via T5- = £(097 e B) .

° Eq f,,T f(s,08)ds < oo and fOT ‘9?|2dt < 00, P-as. gives
lemooT IAS,k =1y, 1, dt xdP-as. (5)




Robust Optimal Stopping
Approxi

Vv € 8o, 7, the upper value V(v) can be approached from above
in two steps:

V) = fROY) = | f R9 P-as.
(v) = essinf R¥(v) = lim | egglél (v), P-as




Robust Optimal Stopping

Approxim

Vv € 8o, 7, the upper value V(v) can be approached from above
in two steps:

Lemma 1

V(v) = essinf R9(v) = i inf R(v), P-as.
(v) el (v) = lim | E= (v)

v

Lemma 2

V k € N, there is a sequence {Q,(,k)},,eN C QK such that

(k)
essinf R(v) = lim | R? (v), P-as.
ssinf RO(v) = lim | R()
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o Z 000 ”:
e Fix Q € Q,. We define stopping times (for localization):
69 2 inf{t €v, T [F[f(s,62) +108)?] ds > m} AT
for any m € N.

@ Vm, k € N, the predictable process Qf’m’k

. . domk A -
induces a Q™% € O via dgpk =&(69 “o B)

T




Robust Optimal Stopping
Proof of Le

o Ok C Okt — essinf R?(v) < lim | essinf R?(v), P-ass.
QEQy k—oo  QEQk

e Fix Q € Q,. We define stopping times (for localization):

69 2 inf{t €v, T [F[f(s,62) +108)?] ds > m} AT
for any m € N.

@ Vm, k € N, the predictable process «9Q 1{t<6Q}1AQ Qt ,

induces a Q™K ¢ OF via 9975 £ £(90™* ¢ B) .
o Bayes' Rule & (f3) = Eqns| Yy + [} f(s,08™)ds| 7, | <
Eq [Yy+ [ F(5,69)ds| 7] + (1Y oot m) E[| 297" = 28,417,
+ IVlE |28 = 28117, P-as. (6)
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59

m

(1- 1A3k)\93}2ds“—”>0

2
E(JJ (140 —1)02dB,) = E/



Robust Optimal Stopping

o D.C.T. implies that

2 53 oo
E(ﬁé’ (1A3k—1)9§?d55) = / (1= 1y, )‘950}2dsk_>0

@ Hence, up to a subsequence, I|m ZQT =79, P-as.

1,68’
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o D.C.T. implies that

Q 2 63 k—o0
E([;" (1yo,~1)09dBs) = E/y (1= 1,0 )[69*ds—0

. m,k
@ Hence, up to a subsequence, kILmooZV(’?T = ZI,Q(;gv P-a.s.

@ Scheffé’'s Lemma :>k|im E[‘Zf?k— ZVQ(SQH}"V] =0, P-as.
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o D.C.T. implies that

2 53 oo
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@ Hence, up to a subsequence, I|m ZQT =79, P-as.
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Robust Optimal Stopping

o D.C.T. implies that

Q 2 63 k—o0
E([;" (1yo,~1)09dBs) = E/V (1= 1,0 )[69*ds—0

. m,k
@ Hence, up to a subsequence, kILmooZV(’?T = Z,,Q(;gv P-a.s.

@ Scheffé’'s Lemma :>k|im E[‘Zfi’k— ZVQ(SQH}"V] =0, P-as.

o Similarly, lim E[2%~ Z%||7,| =0, Pas.
m—00 Om ?

@ Take “esssup” in (6), let"k — 0" then "m — 00" =
Weszz,T

R9(v) > lim | essinf R®(v), P-as. O
(v) = Jim | esin RO(v)
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Robust Optimal Stopping
Proof of
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e It suffices to show that {RQ(V)}QG% is directed downwards:
VY Q1, Q € QF, 3Q3 € O such that
R¥(v) < RA(v) AR%(v), P-as.
o Let Ac F,. 6% 2 1{t>l,}<1,49?1+1,4c9?2) is a predictable
process, thus induces a Q3 € O via 9% 2g (0% eB) .
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ersu,T



Robust Optimal Stopping
Proof of

e It suffices to show that {RQ(V)}QG% is directed downwards:
VY Q1, Q € QF, 3Q3 € O such that
R¥(v) < RU(v) AR®(v), P-as.
o Let Ac F,. 6% 2 1{t>y}<1A9?1+1Ach2) is a predictable
process, thus induces a Q3 € QF via ‘L—Q3 =& (0% e B) ,
o Bayes' Rule =V~ € S, 7, Eq,[Yy+[] f(s,0%)ds|F,]
14Eq, [Yy+ ) (s5,02)ds| F, |+ 1acEq, [ Yo+ [)) f(s,082)ds| F, ] .

o Take esssup = R¥B(v) = 1,RU(v) + 14 R (v), P-as.

76811 T
e Finally, Letting A = {RQl <R( (v)} gives:
R®(v) = R (v) AR%(v), P-as. m



Robust Optimal Stopping
Stopping

lemma 3

Vv e Sy, Vk €N, thereis a {Q,(,k)} C QK such that

neN
(k)
Tk (V) 2 erglélkf ) = nleool 7 (v), P-as.

Thus 74 (v) is also a stopping time in S, 1 .
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Stopping

lemma 3

Vv e Sy, Vk €N, thereis a {Q,(,k)} C QK such that

neN
(k)
Tk (V) 2 erglélkf ) = nleool 7 (v), P-as.

Thus 74 (v) is also a stopping time in S, 1 .

o Ok c Okt — 7, (v) > T4 y1(v). Hence

7(v) 2 Jim I (V)

k—o00

defines a stopping time belonging to S, 1, which is actually
an optimal stopping time of (3).
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Propertie

Vv € 8,7, we have

V(v) = V(v) =essinf Eg

, P-as.
Qe

Yo + / " (s.09)ds| 7,

@ We shall denote the common value at v by V/(v).

e By , 7(v) is an optimal stopping time of (3).



Robust Optimal Stopping
Propertie

Vv € 8,7, we have

V(v) = V(v) =essinf Eg

, P-as.
QReQ,

Yo + / " (s.09)ds| 7,

@ We shall denote the common value at v by V/(v).

e By , 7(v) is an optimal stopping time of (3).

Proposition 1

Vv € So,7, we have V(7(v)) = Y,(,), P-as.
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e Given v € Sy 1, let 6 € Q,’j for some k € N.

e VQ e Q,, Vvy€S8, 1, the predictable process
JAWAN A
0F = 1< 02 + 102, te€[0,T]

. /AN /
induces a Q' € O, by ‘Zf,‘), =&(09 o B)
0o Qe = Q e !

T
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Robust Optimal Stopping
Pasting t

Given v € Sp 1, let Qc Qk for some k € N.

VQ e Q,, Vv €S, 1, the predictable process

JAWAN A
0F = 1< 02 + 102, te€[0,T]

. /AN ’

induces a Q' € O, by ‘Zf,‘), =&(09 B) ;.

Qe = Qe !

Moreover, Vo € S, 7, R? (o) = Ré(a) , P-ass.

In general, Q,, is not closed under such “pasting”.




Robust Optimal Stopping
Proof of

o Let Q€ 9, and k < /. Ym,n € N, the predictable process

m,k,l A m,k ()
00" = Lieenopf + Lesnunte” , t€10,T]
pastes and together to a Q,',n’k’l S Q{, via

m,k,l

9 _ 509" o B) ..



Robust Optimal Stopping
Proof of

o Let Q€ 9, and k < /. Ym,n € N, the predictable process

miol A (1)
0 = Lper (02" ot Lisro 0, tel0,T]
pastes and together to a Q,',n’k’l S Q{, via
m,k,l m,
WG (09 o),

o Bayes' Rule & (f3) = V(v) < EQm,k [ JTL(s, 0§’m’k)ds|f,,]

|

+E[zm(y)(y 0 kW) - )H

Qn Qm’k
—|—(HY]OO+/T).EUZ Qp() -z

T (v)



Robust Optimal Stopping
Proof of

o Let Q€ 9, and k < /. Ym,n € N, the predictable process

miol A (1)
g = 1{t<7-/(1/)}9 gt 1{r>7,(y)}9?" , te[0,T]
pastes and together to a Q,',n’k’l S Q{, via

dQ(,ZD’k" _ @@(QQZ"” ° B)T

o Bayes' Rule & (f3) = V(1) < Egm« [ JTL(s, 0§’m’k)ds|f,,]

+E[ZVT,(V>(YTQ£’>(V) M NOREC )’f]

n—oo

S Equi [ Yo + J7 ) H(,097 )as| F, | thanks to
Scheffé’'s Lemma and D.C.T.

Q! Qmk
+(” YHOO + /T) -E Uzu,ror(vl)(u) B Zl/,-r/(u)
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@ One can estimate the R.H.S. similarly to . Then letting
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Robust Optimal Stopping

@ As/ — 00, D.CT. =
V(v) < Egmx [YT(V) + f;(y)f(s, Gsom’k)ds‘}",,} , P-as. (7)

@ One can estimate the R.H.S. similarly to . Then letting
k — oo then m — oo = yields

V(v) < Eg [YT(Z,) + fVT(V)f(s, GSQ)dsl]:,,} , P-as.

o Take “essinf” —
QReQ,

V(v) < essinf Eq [YT(,,) + [T (”)f(s,eg)ds\fy}

< isesgllf egglgnuf Eq[Yy+ []f(s,08)ds|F,)] = V(v). O
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Robust Optimal Stopping
A more e

@ Although 7(v) is an optimal stopping time of (3), it is
implicit.

@ The"“Optimal Stopping Theory” suggests that

rv(v) Einflt € [, T]: V() = Vi) (8)
ought be an optimal stopping time of (3).

@ However, to ensure that 7y (v) is indeed a stopping time, we
have to replace the value process {V/(t)}.cjo, 7] by its
right-continuous modification in (8).



Robust Optimal Stopping

Theorem 2
Let v € So,7. (1) The process {15;5,3V(7(v) A t)}re[o 7 admits
an RCLL modification V%" such that Vv € Sp 1

V$’” =15 V(T(v) Ay), P-as.

(2) Consequently, the first time after v when V%" meets Y, i.e.

rviv) 2 inf{t el T]: VO = Yt}

is an optimal stopping time of (3).




Robust Optimal Stopping

Proposition 2
Given v € So,7, Q € @y, and 7 € S, (), we have

Eq [V(’y) + /V’Y f(s,@f) ds ’ .7-"1,] > V(v), P-as. (9)

e In particular, when @ = P (thus " = 0) and v =0,
{v(tn T(O))}te[o 77 is 2 P-submartingale!



Robust Optimal Stopping
Proof o

° and Part (1) = V) = V(7()) = Yr(), P-ass.



Robust Optimal Stopping
Proof o

° and Part (1) = VO(”) =V(r(v)) =
o Hence, 7v(v) < 7(v) and Y, () = Vor = V(r ( )), P-as.

Tv(V

) P-a.s.



Robust Optimal Stopping
Proof o

° and Part (1) = V) = V(7()) = Yr(), P-ass.

o Hence, 7y (v) < 7(v) and Y} () = Vo = V(ry(v)), P-as.

Tv(v)

@ Then Proposition 2 shows that VQ € 9,
V() < Eq[V(rv()+ []*" f(s,09)ds| 7|

= Eg [YTV(,,) +fVTV(V) (s,09) ds‘]-'} P-as.



Robust Optimal Stopping
Proof o

and Part (1) = V) = V(7()) = Yr(), P-ass.
= V(rv(v)), P-as.

°
e Hence, 7y (v) < 7(v) and Yoy v) = VTO\;IEV)

@ Then Proposition 2 shows that VQ € 9,
)+ [0 f(s.09)ds| 7]

V(v) < Eg [V(TV ”
(s GQ ds‘]-'} P-a.s.

= Eq Yo+ [V f

o Take “essinf”" —

QReQy
V(v) < essinf Eq|Yruw) + 7Y F(5,09) ds| 7, |
v Q —
< isesguf (egglgnf Eq[Yy+[] f(s,02)ds|F,] ) =V(v). O



Robust Optimal Stopping
An Import

To determine the optimal stopping time for DCRM, knowledge of
the representative function f is not necessary: If we regard the

RCLL modification of esssup (—pu.~ (Yy)), v € So, 7 as the p—Snell
’YESV,T
envelope, then the first time after v that the p-Snell envelope

touches the reward process Y is an optimal stopping time!




The Saddle Point Problem
The Sadd

For any given Q € Qg and v € S 7, let us denote

4

yQ Ly, 4 / f(s,09)ds, Vo) 2
0

V(v)+ /OV f(s,09)ds.



The Saddle Point Problem
The Sadd

For any given Q € Qg and v € S 7, let us denote

14

ye £ Y,,+/O f(5,0Q)ds, VO(v) 2 V(u)+/0 f(s,09)ds.

Definition

A pair (Q*,04) € Qo x Sp, 7 is called a saddle point for the
stochastic game suggested by (3), if for every Q € Qg and
v € Sp, 7 we have

Eq-(Y2) < Eq- (YY) < Eq(Y2). (10)




The Saddle Point Problem
Sufficient

Lemma 4
A pair (Q*,04) € Qg x Sp. 7 is a saddle point for the stochastic
game suggested by (3), if the following conditions are satisfied:
(i) Yy, = R9(04), P-as;
(ii) for any @ € Qp, we have V/(0) < Eq [V?(a)];
(iii) for any v € Sg0. , we have V@' (v) = Eq- [V (0.)|F]
P-as.




The Saddle Point Problem
Main Too

Definition

We call Z e H2([0, T]; RY) a BMO (short for Bounded Mean
Oscillation) process if

< oQ.

E[/T|Zsyzds’}}r/2

VAN
1Zlemo 2 sup H
T o0

TEMO’T

When Z is a BMO process, Z e B is a BMO martingale; Kazamaki
(1994).

<




The Saddle Point Problem
Main Tools-

Definition

BSDE with Reflection: Let h: [0, T] x @ x R x RY — R be a
P x B(R) x B(R)/%B(R)-measurable function. Given

S € C[0, T] and & € LO(F7) with & > St, P-ass., a triple

(T, Z,K) € C2[0, T] x H2([0, T]; RY) x Kg[0, T] is called a
solution to the RBSDE with terminal condition &, generator h, and
obstacle S (RBSDE (&, h, S) for short), if P-a.s., we have the
comparison

T T
Si<Ty=¢&+ / h(s,Ts,Zs)ds + KT — K; — / Z<dBs,
t t

and the so-called flat-off condition

T
/ 1{r5>55}sz = 07 P-as.
0




The Saddle Point Problem
Further /

(H1) For every (t,w) € [0, T] x Q, the mapping z — f(t,w, z) is
continuous.
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continuous.
(H2) It holds dt x dP-a.s. that
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Here ¢ > 0 is a real contant, T is an R?—valued process with

1T 0o = esssup | T¢(w)| < oo, and £ > e[| T|2..
(t,w)€[0, T]xQ



The Saddle Point Problem
Further A

(H1) For every (t,w) € [0, T] x Q, the mapping z — f(t,w, z) is
continuous.
(H2) It holds dt x dP-a.s. that

f(t,w,z) >elz - 'Y‘t(w)‘z —{¢, VzeR?.

Here ¢ > 0 is a real contant, T is an R?—valued process with

A
Il 2 esssup [ Te(w)| < o0, and £ > ¢ T|2,.
(tw)el0, T]xQ
(H3) The mapping z — f(t,w,z) + (u,z) attains its infimum
over RY at some z* = z*(t,w, u) € RY, namely,

f(t,w,u) 2 inf (F(t,w,2) + (u.2)) = F(t.w,2" (b0, 0) + (02" (£, w). (1L



The Saddle Point Problem
Further A

(H1) For every (t,w) € [0, T] x Q, the mapping z — f(t,w, z) is
continuous.
(H2) It holds dt x dP-a.s. that

f(t,w,z) >elz - 'Y‘t(w)‘z —{¢, VzeR?.

Here ¢ > 0 is a real contant, T is an R?—valued process with

A
[Tl ®  essup  |Te(w)] < o0, and £ > <[ T2
(tw)€[0, T]xQ
(H3) The mapping z — f(t,w,z) + (u,z) attains its infimum
over RY at some z* = z*(t,w, u) € RY, namely,
f(t,w, u) 2 ian(f(Lw,z) + (u,2)) = f(t,w, z*(t,w, u)) + (u, 2*(t,w, v)). (11)
ze
We further assume that there exist a non-negative BMO process

1 and a M > 0 such that for dt x dP-a.s. (t,w) € [0, T] x Q
|2°(t,w, u)] < Pe(w) + Mlu|, VueR?
]



The Saddle Point Problem
Construc
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(1) Thanks to (H2) 7 has quadratic growth in its third argument.
(2) Thanks to Theorems 1 and 3 of Kobylanski et al. (2002), the
RBSDE (Y. f, Y) admits a solution

(I, Z,K) e C[0, T] x HE([0, T];RY) x Kg[0, T].
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(3) In fact, it can be shown that Z is a BMO process.



The Saddle Point Problem
Construct

(1) Thanks to (H2) 7 has quadratic growth in its third argument.
(2) Thanks to Theorems 1 and 3 of Kobylanski et al. (2002), the
RBSDE (Y. f, Y) admits a solution

(T, 2, K) € CE[o, T] x H([0, T]; RY) x K[0, T].

(3) In fact, it can be shown that Z is a BMO process.

(4) Since the mapping z* : [0, T] x Q x RY — R9 is

P @ B(RY)/B(RY)-measurable (see (H3)),

05(w) 2 2 (t,w, Ze(w)), (t,w) € [0, T] x Q (12)

is a predictable process. It follows from (H3) that it is also a BMO
process.



The Saddle Point Problem
Construct

(1) Thanks to (H2) 7 has quadratic growth in its third argument.
(2) Thanks to Theorems 1 and 3 of Kobylanski et al. (2002), the
RBSDE (Y. f, Y) admits a solution

(T, 2, K) € CE[o, T] x H([0, T]; RY) x K[0, T].

(3) In fact, it can be shown that Z is a BMO process.

(4) Since the mapping z* : [0, T] x Q x RY — R9 is

P @ B(RY)/B(RY)-measurable (see (H3)),

05(w) 2 2 (t,w, Ze(w)), (t,w) € [0, T] x Q (12)

is a predictable process. It follows from (H3) that it is also a BMO
process.

(5) Let 6, 2 14,07, t €0, T]. Thanks to Theorem 2.3 of
Kazamaki (1994) {& (6*"  B), }te[O 71 is 2 uniformly integrable

martingale. Therefore, dQ*" 2 g (0*" e B); dP defines a
probability measure Q™" € P, .



he Saddle Point Problem
IS Q ‘

From the Girsanov Theorem, we can deduce

T T
rl,\/t = YT + / |:f(57 9:’”) + <Zs,9:,y>:| dS + KT - KVVt - / ZSdBS
vVt vVt
T . . T - .
= Yr +/ f(s,02")ds + KT — Kove — / Z.dBY"", (13)
vVt vVt

*, U . . .
where B®™" is a Brownian Motion under Q*".



he Saddle Point Problem
I Q S
S —

From the Girsanov Theorem, we can deduce

T T
rl,\/t = YT + / |:f(57 9:’”) + <Zs,9:,y>:| dS + KT - KVVt - / ZSdBS
vVt vVt
T . . T - .
= Yr +/ f(s,02")ds + KT — Kove — / Z.dBY"", (13)
vVt vVt

where BQ"" is a Brownian Motion under @*". Letting t = 0 and
taking the expectation Eg«.» yield that

T - ~
EQ*,V/ £(5,02")ds < Eqeu (T — Y1) < 2| oo



The Saddle Point Problem
Relating

Given v € 8o 1, it holds P-a.s. that

=R vteT] (14)
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z.
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(1) Let k € Nand @ € QF. It is easy to see that the function
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RBSDE(YT, hg, Y). Fix t € [0, T].



The Saddle Point Problem
Lipschitz

(1) Let k € Nand @ € QF. It is easy to see that the function
ho(s,w, ) 2 f(s,w, 02 (w)) + (z,02(w)) is Lipschitz continuous in
z.

(2) Theorem 5.2 of El Karoui at al. (1997) assures that there
exists a unique solution

(TR, ZQ KQ) € CZ[0, T] x HZ([0, T]; RY) x Kg[0, T] to the
RBSDE(YT, hq, Y) Fix t € [0, T].

(3) It holds P-a.s. that

re=r® vtelo, 7] (15)



The Saddle Point Problem
Compariso

Proposition 3

Let (I, 2, K) (resp. (I, 2',K"))
€ C2[0, T] x H2([0, T]; RY) x Kg[0, T] be a solution of RBSDE
(&, h,S) (resp. RBSDE (&', H',S’)). Additionally, assume that

(i) either h or K is Lipschitz in (y, z);

(i) it holds P-a.s. that £ <& and S; < S for any t € [0, T];
(iii) it holds dt x dP-a.s. that h(t,w,y,z) < h'(t,w,y,z) for any
(v,z) € R x RA.

Then it holds P-a.s. that [, <T7 for any t € [0, T].




The Saddle Point Problem
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From the comparison result P-a.s.

r,<r@=re veelo, 7] (16)



The Saddle Point Problem
A Key R

From the comparison result P-a.s.

re<r@=re° veelo, 7] (16)

Letting t = v, taking the essential infimum of the right-hand-side
over Q € ij, and then letting k — oo,

R0 — T, < Iim | essmfl:(‘Q = lim | essinf R9(v)
k—oo QcQ  k—oo QeQk

= V)=V < RQ*”(V) =RIO Ppas.



The Saddle Point Problem
A Key R

From the comparison result P-a.s.
r,<r@=re veelo, 7] (16)

Letting t = v, taking the essential infimum of the right-hand-side
over Q € ij, and then letting k — oo,

R0 — T, < Iim | essmfl:(‘Q = lim | essinf R9(v)
k—oo QcQ  k—oo QeQk

= V)=V < RQ*”(V) =RIO Ppas.
As a result,

Vv) =T, =RY? =R (1), P-as. (17)



(1) Optimal Stopping for Dynamic Convex Risk Measures, EB,
loannis Karatzas and Song Yao

(2) Optimal Stopping for Nonlinear Expectations, EB and Song
Yao.



Thank you for your attention. |
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