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A nest N is a chain of subspaces of a separable Hilbert space H
containing (0) and H which is closed under intersection and closed
span.

Define the immediate successor of N € A/
Ny=inf{MeN:M >N}
and the immediate predecessor of NV

N_ =sup{M e N : M < N}.
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The nest algebra AlgN is the set of all the operators T" in B(H)
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Let H = C", {e1,ea, - ,e,} the orthogonal basis for H. Let
Ny = span{ey,ea,- - ,er}, then the nest algebra 7, is all the
n X n upper triangular matrices.

Russo-Dye Theorem is not true for this case. Every unitary element
in 7, must be diagonal, and so the closure of the convex hull of all
the unitary elements is smaller than the whole unit ball of 7.
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The Russo-Dye Theorem

Anoussis and Katsoulis (1996) for any nest without any finite
atom, every strict contraction in the nest algebra is the average of
some unitary elements in the nest algebra.

Davidson (1998) the weak operator topology closure of the convex
hull of all the unitary elements in a nest algebra is the whole unit
ball of the nest algebra if and only if the nest is admissible in
B(H).

A nest is said to be admissible in B(#), if both 04 and I — I_ are
either zero or infinite rank.
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If N is an admissible nest in B(#), then there is a projection
P =3 ,cz Ei in the nest algebra, which is called an admissible
projection for .

E}'s are ordered in some sense.

There exists an one dimensional projection in each E}.

The one dimensional projections are in the nest algebra.

The one dimensional projections are equivalent in the Murry-von
Neumann sense.
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Nest subalgebras of von Neumann algebras were first introduced by
R. I. Loebl and P. S. Muhly. They showed that nest subalgebras of
von Neumann algebras are precisely the algebras of analytic
operators with respect to certain one parameter groups of inner
x-automorphisms of the von Neumann algebras.

Let M be a von Neumann algebra and N/ C M be a nest, then
the nest subalgebra of the von Neumann algebra is the set of all
the operators T' in M such that TN C N for every N in A/, which
is denoted by M N AlgN.
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Lemma

Let N be an admissible nest in a factor R with 04 > 0 and
I_ = 1. Then there exist two projection sequences:
{N, e N: k=0,1,2,---} increasing to I with

OIN0<0+=N1<N2<N3<'~<I

and {E, € RN AlgN : k € Z} with E; ~ Ej, fori, j € Z, such
that

By <04, k=0,-1,-2,- -
EkSNk+1_Nk7 k:1727

We call N = {I, Ny :k=0,1,2,---} and {E} : k € Z} the basic
sub-nest of N and the basic equivalent projection sequence for A,
respectively.



Theorem

Let A be an admissible nest in a factor R, then each element

A € RN AlgN with || A ||[< 1 — L is the average of 16n? unitary
elements in R N AlgN'. Thus the convex hull of all the unitary
elements contains the open unit ball of R N AlgN.

If N is not admissible, then the weak operator topology closure of
the convex hull of all the unitary elements in R N Alg\ is not the
unit ball.




Sketch of the proof: Suppose {Ek} is the basic equivalent
projection sequence. Let P = Zk,_oo FEsy. and
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Sketch of the proof: Suppose {Ek} is the basic equivalent
projection sequence. Let P = Zk,_oo FEsy. and

Q= Zk:_oo Eoi1. Split P and @ into 2n orthogonal projections
P, Py Py, and Q1,Qa, - -+, Qop, respectively. i.e.,
P=Y7" Py and Q= 7", Qs. It follows that

X;=Qf —+Qtand Y; = PjL — 5P+ are contractions such that

2n 2n
d Xi=(@n-1DI=)Y;
i=1 j=1
Moreover, (1 — 5-)* >1— 1. Thus
2n ) 1 1 .o
Az’j = (2n_ 1) XZAY} :Qz Aiij s for 1 S 1,] S n

are strict contractions in R N AlgN and A = ﬁ S 2]27:‘1 A;
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Dilate A;; = Q%AiijL to be a unitary element Uj; in R N AlgN
such that A;; = Q%UijPJ-L. Define unitary operators
Uiji = (QF +i*Qi)Ui;(Pi- +iFP;) for 1 <k <4,

4

1

1 > Uijr=R'US' = A
=1

That is:
2n 2n 2n 2n
16n2 ZZZUW}C = 4n2 ZZA”
=1 j=1k=1 =1 j=1

= A
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Definition

Let NV be a nest in a von Neumann algebra M. A is said to be an
admissible nest in M, if for each projection N € A/, both N — N,
and I — N — (I — N),. are either 0 or proper infinite in M.

Here N, is the union of all the central projections P, of M such
that P, < N. N, is the maximal central projection such that
N. < P.

In factors, all the central projections are trivial and a projection is
infinite if and only if it is proper infinite.
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For every von Neumann algebra M, there are orthogonal center
projections P, , 1 <n <oo, P,_, P, , P, _and P, with sum I
and P, M, P M, P, M and m/\/l are type I, type I,
type 117, type IIOo and type 111 von Neumann algebras,
respectively.

if A is an admissible nest in M, then each of the summands is
decomposable

PAM =) PIM,  A=1I, I I, 11y I1I

Pﬁl’s are orthogonal central projections and each Pﬂ./\/' in PiM is
either a trivial nest or

C Pj, N#0, I.

PAN = YPi(I-N)

The nests PIZ‘N, A =1I,,II; are trivial in Pfl./\/l.



General von Neumann Algebras

Type II1 case, use central carrier, Type 11, and Type I, case,
use tracial weight on each factor, we can obtain the basic sub-nest
{NV¢, } and basic equivalent projection sequence {E,,} for each
summand of Px, M, A= Iy, II,II1.



General von Neumann Algebras

Theorem

Let NV be an admissible nest in a von Neumann M acting on a
separable infinite dimensional Hilbert space H, then each element
A € M N AlgN with ||A]| < 1— 1 is the average of 16n? unitary
elements in M N AlgN. Thus the convex hull of all the unitary
elements contains the whole open unit ball.

If N is not admissible, the weak operator topology closure of the
convex hull of all the unitary elements in M N AlgN is not the
unit ball of M N AlgN.
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Sketch of the proof: If the nest N is not admissible in M, then,
without loss of generality, we may suppose N € N with
N — N, # 0 is infinite but not proper infinite.
If N — N, is infinite but not proper infinite, then there is a central
projection @ in M such that QN — QN, # 0 is finite in M. For
any unitary element U € M N AlgN, we have
(QN — QN)U(QN — QNe)* =0.
This means

Clan-onoCon-gng: =0-

We have CQN—QNC = QN — QNC and

Clon-gn.: = (N —QN,)*. Therefore QN — QN # 0 is a
central projections. But QN, = (QN). is the maximal central
projection such that QN. < QN, a contradiction.



General von Neumann Algebras

Thank You!
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