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Cownventional Large
Cardinals

Conventional Large Cardinals
typically state the existence of an
elementary embedding:

7. V—M

where M s a Eransitive class



Cownventional Large
Cardinals

The axioms can be characterized bj
Yo Far&me%ers:

The closure properties of M

Where | sends the ordinals



Cownventional Large
Cardinals

Large cardinals are usually expressed
in terms of ulkrafilters (and systems

of ulbrafilkers).

eBecause the formulation is in ZFC

® Because of combinatorial advantages



Ulkrofilters

1£ U is an ulbrafilter on X and £ :X —Z is an
in jection, then we can copy the ulkrafilter U

onto an ulktrafilter V on Z bj setting
Acy E.:f and omiv E;«f ﬂf‘ll:A]eU«
Doing this we get a canonical isomorphism

belbween any u&ra[pawm BX/0 and BZ/Y.



Ulkrafilkers

So we cai assume bthat all of our ultrafilters
are o seks of the form P(Y) for some set V.

(Le. U CPP(Y))
I BCP(Y) and B is in U we will say that

U concenkrabtes on =,



Let U be a filter on P(Y)

®We say that A is positive U and only 2
PYI\A nolk tn U,

e A function £ with domain A ¢ P(Y) is
regressive if and only if for all a ¢

A, ﬂf(&) € Q.

®U is normal E,-H: whelhnever A is posi&va and
f is regressive there is a positive B ¢ A with

£ constant on B,



Let U be a filter on P(Y)

® U is ﬂouv\%abtj complete Ut U s closed
under countable inkersections.

®U is fine Yf for all y € Y,
{ACY: veA}eU

® Nown-principal for all ye¥ there is a Bel,
y is not it B



Types of ulkrafilkers
Let ¥ < A be cardinals and U a normal

countably complete ultrafilter on PP (1).

® measurable U concenkrakes on 1
cardinal
(AeP(1))

o supercompact | U concentrates on [ 1 J<K

o huge U concentrates on [ 1]k




How do we gqet the
embeddings?

We take the ultrapower of V bv the
&orrespomdms ulktrafilker.

The main point is that counkable
&QMPLQ&@M@.SS E,m[z:»ties Ehat the
ultrapower is well-founded.



The problem with large cardinals is
thak &kev are “too big” to settle
questions about uncountable sets that
inherently involve the Axiom of
Choice (e.q. the CH).

To setble Ehese ques%mms we heed bo
search for other types of
assum[ze&mms.



& Strength comes from embeddings
¢ Embeddings come from u&r&pawem

© If the ulbrafilter is not aausr\&abtj
compie%e the u&ra[pawe\* ts ot well-

founded

® 1f the ulktrafilker IS Caumﬁo\btv
camyt&e the eritical Fmim& ts LARCGE..

How can we escape this?



idea

Start with a filker U and

generically extend it to an ultrafilter G.

Now take the ultrapower b:-; Cr

(using functions from V).



Whalk happ@.ms?

I U0c??(L)is a normal, fine and
countably complete and &G ¢ 7 P (1)/0

LS generic
then:

© i“A belongs to the u&ra[ﬂowér

® The u&r&power s well-founded wp to )+

®  P(1) is a subset of the ultrapower



Backqground facts

o U is precipitous if the ulbrapower is
well-founded

¢ If the Boolean Algebra ? (1) / U

ts AT—-c.c. then the u&rapower LS

closed under A-—»sequmr\tes..



Type Ordinary Generic  Saturated
upercompects LoMA O @OV A ¢ )
[ 1]k k very large |k, A can be kK, A can be
SMO&LL Q«S« Wl,w2 SMQLL E'S‘ W1,w2
MA c M ?(A)QM MAQM
Huge: [A]X Kk very large Ky A can be K, A can be
small e.q.
i i small e.q.

w1 wo







Does this ketp?

Yes: ik s consistent ko have a

saturated qeneric huge embedding
with

® K=W1

® Al=wyQ



Does this ketp?

1 PP([w2]?1)/U has a dense subset
of size w1, then the CH holds.

(Can settle essentially ALL classical
ques&oms . sek Eheorvm The prabi.em LS

OVERDETERMINATION.)



Tadav’s talle

Sometimes natural combinatorial
properties give rise to filkers. Can
the generic elementary embeddings
from these filkters give a way to get
large cardinal strength from these
combinatorial properties?



Terminology Shift

Convenient to use
IDEALS
rather thawn
FILTERS.

Exa&ﬂv dual notions--just Llanguage.



There are lobks of natural
ideals

The (generalized) non-stationary
ideal on P(1) is atwajs available.

Moreover loks of combinatorial
Froper&es con be resktaked as
saYting that various sebs are
sEa&omary



Burke (1997): Suppose that I is a
normal {EM@. ideal on 7 (u) and A >

U

Then there is a s%a&&omar‘j set Z C
P(1) such that I is the projection of

NS restricted to Z to P(u).



1f there is a k that is «*

supercompat& Fhein

there is a s&a&iomarj sek A C ‘P(ZK*’)

such thakt:
LINS|A, A |= k is k™ supercompact.



Negative Evidence

1f there is an w2-saturated ideal on
w1 then the closure of the generic

ultraproduct is similar to the closure
from an almost-huge cardinal.

Bub the statement

“NSw1q is wa-saturated”

s much weaker than an almost huge
cardinal.






The embeddings associated with ideals that
come from the collapses of large cardinals
agree with the large cardinal embeddings
on the original ground model.

Is this enough to see that they come from
large cardinals? Can we fiqure out how
much agqreement is needed?



The sek up:

o ZCP(X)
o J an ideal on Z.

@ X C X and I is the prq}e_ﬂ&mm of I to an

ideal on P(X) via the map
(1 (z.) =znX

o A is i the dual of I and has a canonical
well-ordering.



The hjpaﬁhesm

There are A, 0’ and I’ such that for
all generic & c P(2)/3:

o A tnitial seqment of the ordinals of

V Z /G are well founded and
isomorphic to (JA" |+ W and

2. Eﬂf\} .V = M is the canonical
elementary embedding then

A=A,  Al=0, I =jInP(AV.






The theorem

Suppose that J decides I. Then either:
¢ L[A I]|=1 isan ultrofilter on A or
¢ for some generic GcP(2)/I if

J:v ~vVE/G
is the ultrapower embedding,

then LLj(A), 1] |= (1) is an ulktrafilter on j(A)



Corollaries

The following are equiconsistent:

®For 1 < < wm € w there is normal,

fine, decisive ideal on [wmlcwn

©There is a K‘*‘(M—M) supemompac:&

cardinal «.



Corollaries

The following are equiconsistent:

® For l<wn<me w, there is normal,

fine, decisive ideal on [wm]wn .

© There is a huge cardinal.



T&M’eaw&vs

® There is a class of ideals on the win’s

wikh c:omsis&emav strength as high as
huge cardinals

®If there is an iner model for a
supercompact or huge cardinal then
there is one of the form

LLANS|A]



o back n bime .

1970 style model theory was partly
concerned with generalizations of the
Lowenheim—-Sikolemwn Eheorem that
ivolve second order proper&es‘. Owne
successful version are varianks of
Chang’s Conjecture.



o back n bime .

Let L be a countable language with a
distinguished unary predicate R. An
L-skructure 2l has %jpe (k,1) f and

only if Al = « and [RA] = 1.



o back n bime .

We say
(“;)‘)H*(KI;X)

if and only i for all 2 of type (k,1)
there is an elementary substructure

B < A of bype (v, \).



1f the definition were made
Eod&v Lk would look more

Likke Ehis:



i
4
<
3
Al

e m{wn+r)







Correctiness

Let N < (H(0), € &). Then N is correct
for A ¥ AcN and there are A,I' eN
such that

(I ] A" = (NSJA) n N7,

where 1 is the transitive collapse of N
o N



Strong Chang Reflection

Sktrong Chang reflection holds for (wn+3, wn) f and only
if for all large enough 0 there is an canonically well

ordered A € [wn+2]Wn+l such that for some

N < (H( 0 ),e,8,A)



Strong Chang Reflection

Strong Chang reflection holds for (wn+3, wn) i and only
if for all large enough 0 there is an canonically well

ordered A € [wn+2]Wn+l such that for some
N < (H(0),e,8,A)

we have:

1. Nnwn+2 €A and [Nnwn+3lzwn+g,



Strong Chang Reflection

Strong Chang reflection holds for (wn+3, wn) f and only
f for all large enough 6 there is an canonically well

ordered A € [wn+2]Wn+l such that for some
N < (H(0),e,0,A

we have:

1. Nnwn+2 €A and [Nnwn+3lzwn+2,

2. Nnwn+2 eN



Strong Chang Reflection

Strong Chang reflection holds for (wn+3, wn) i and only
if for all large enough 0 there is an canonically well

ordered A ¢ [wn+2]Wn+l such that for some
N < (H(0),e,0,A

we have:

1. Nnwn+2 €A and [Nnwn+3lzwn+2,

2. Nnwn+2 eN
3. N is correct for NS|A.
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Recall:

The decisive ideals were
those that were constructed
by collapsing large cardinals
and baking the remnants of

the larqge cardinal filkers



No sur pré;se:

Strong Chang reflection is
what happens in the models
where Chang’s Conjecture is
withessed by the remains of
a large aarczimai. embedding.



Sktabked as a Theorem

Suppose there is a 2-huge cardinal.
Then for each 1 there is a forcing
extension in which SCR holds for

(wn+3,wn).



Poink of the talk

Suppose Strong Chang Reflection holds
for (wn+3,wn). Then

there is a brawnsitive itnner model for
“"ZFEC + there is a huge cardinal!



Upslm%:

Some of the natural properties of
ideals arising combinatorially when we
collapse some large cardinals to be
the wn’s imply tiner models of large

cardinals Ehak are essen&iattv as strong
as those we sktarbted wikth,






