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Internal tides

@ There are a variety of internal wave generation mechanisms

@ Barotropic tide-topography interaction has received a lot of
attention

e [Bell(1975)], [Legg and Huijts(2006)], and many others
@ M, internal tide generation is among the most prominent
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M, internal tide generation: (Simmons, 2004), two layer model
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Internal tides

@ The fate of the internal tide is still under investigation
Local dissipation vs. propagation

e Interaction with oceanic flows

e Absorbtion into the background wavefield

e Remote breaking

@ I'm looking at mesoscale eddy interaction

@ This interaction is not unstudied:

o Wave-wave-vortex resonance has been looked at by
[Lelong and Riley(1991)] and [Bartello(1995)]
o Wave capture, [Biihler and Mclntyre(2005)]
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Numerical experiment setup

@ We numerically simulate the interaction of a mode-one
internal tide and an isolated mesoscale eddy
@ 3D hydrostatic MITgcm with a rigid lid on an f-plane
@ The domain is a constant depth rectangular region
o Two latitude regimes:
o Low (f =05 x 10~% s71), ~ 20°N
o Mid (f = 1.0 x 107* s71), ~ 43°N

Parameter Value

No 1.0x 103571

T 44712 s (one tidal period)
w 1.4053 x 107* s71 (My)
U; 5cmst

g 9.81 ms?

00 1028 kg m~3

At 69 s
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Numerical experiment setup

We prescribe an isolated eddy via

U =1(r)®(z) = —Z—z UpLgsech* ([) ®(z2),

Lg - eddy length scale

Uy - eddy peak velocity (at r ~ 0.48Lf)
Barotropic eddy: ®(z) =1

Baroclinic eddy: ®(z) = cos(mz/H) - mode one
Initialise with (u,v) = (—=V,, V)

Use cyclo-geostrophic and hydrostatic balances to find p’
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Numerical experiment setup

@ We let the eddy adjust for 5 tidal periods, 0 <t < 5T

@ Shaded region is relaxed to no-flow
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Numerical experiment setup

@ Then we force a mode-one internal tide at the west boundary
u(x =0,z,t) = Ussin(w(t —5T)) cos (Z) R(t—5T),

5T <t <30T,

400 - - - - - 1
300} 0.8
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Barotropic eddy cases

Methods
.

Parameter

Value

Barotropic cases:

LxWxH
Ny x N, x

Ax x Ay x Az

eddy centre

600 km x 800 km x 5000 m
N, 1200 x 1600 x 25

0.5 km x 0.5 km x 200 m

(xc, yc) = (250,400) km

Us | 30 45 60 75 90
Le cm/s | cm/s | cm/s | cm/s | cm/s
20 km X
30 km X X X X X
40 km X
50 km X

Michael Dunphy

Focussing and normal mode scattering

June 12, 2013
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Baroclinic eddy cases

Parameter Value
Baroclinic cases:
LxWxH 720 km x 400 km x 5000 m

Ny x N, x N, 1440 x 800 x 50
Ax x Ay x Az 0.5 km x 0.5 km x 100 m
eddy centre (xcs ¥e) = (250,200) km

Uy

w
o

45 60
cm/s | cm/s

~

m
(e}
3

~
)

15 km
20 km
25 km
30 km
35 km
40 km
45 km
50 km
55 km

XXX X X X X X X
XXX X X XXX
XX X X X X X
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Methods
.

Normal modes

e Constant N yields vertical mode solutions following cosine/sine

[e.e]
{dn, '} ={dny> Po} (%, ¥, t) + Y {ih,, P} (x, ) cos(mn2),

n=1

(W, 0} =3 (s} (. ) sin(my2),

n=1

where m, = 7.

@ We compute the coefficients from the flow fields by
- / 1 0 - /
(G, pb} = 75 | (T} dz
- / 2 0 = /
{Un,, pp} = ﬁ/ {tp, p'} cos(mpz) dz,
—H

2 0
{wn, o} = ﬁ/ {w, p'} sin(m,z) dz.
—H
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Results 1

No eddy

velocity (cm/s)
velocity (cm/s)

|
©
[ERN

velocity (cm/s)
velocity (cm/s)

|
o
N

0 120 240 360 480 600 720
distance (km)

o Top: low latitude - PSI
@ Bottom: mid latitude - no PSI
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Results 1
.

Barotropic eddy

o Low latitude, Lg = 50 km, Uy = 45 cm/s, t = 16T
o Left: pf, Right: p}

/
P1noeppy

800,

700 \

P? //

100 200 300 400 500 6000 100 200 300 400 500 600
X (km) x (km)
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Results 1
°
Baroclinic eddy

@ Density perturbation at modes 2 and 3

o Low f, Lg =35km, Up =45cm/s, t =16T

x 10
1

0.5

-1
50 150 250 350 450 50 150 250 350 450
x (km) X (km)
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@ Review of the total pseudoenergy budget derivation
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Total pseudo-energy budget

@ Review of the total pseudoenergy budget derivation
@ Start with the hydrostatic Boussinesq equations

ot Po
ow | = 1o g/
(e + @I = o
' =y polNg
T +(d-V)p' = z

where p = p(z) + p" and p = po + p1(2) + p'.
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Energy budgets
®00

Total pseudo-energy budget

@ Review of the total pseudoenergy budget derivation
@ Start with the hydrostatic Boussinesq equations

ot Po
ow | = 1o g/
(e + @I = o
' =y polNg
T +(d-V)p' = z

/

where p = p(z) + p’ and p = po + p1(2) + /.
@ Hydrostatic approximation sets €,, =0
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@ Dot product between pg and the momentum equations
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@ Dot product between pg and the momentum equations

g2 p/
poNg

o Multiply density equation by
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Energy budgets
oeo

Total pseudo-energy budget

@ Dot product between pg and the momentum equations

g2p/
o Multiply density equation by 3
po NG
@ Add the results, integrate over a volume, use some algebra,
we get
d
aP—l— W+ Ke+Ar=0
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Energy budgets
ocoe

Total pseudo-energy budget

d
aP-ﬁ-W—i—Kf-l-Af:O,

where

g
P= /// p02 u? + v? 2N2 dV (total pseudo-energy),

W = // p't-7dS (linear energy flux),
K = // U (u? 4 v?) dS (nonlinear flux of kinetic energy),

g 12—
Ar= S d
f 2p0N2//p a-hdS
2%

(nonlinear flux of available potential energy).
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Projection of governing equations

@ We wish to have an energy budget for each vertical mode

@ Recall the cosine and sine series:

oo
{l-_jha p,} :{l—_jhoa PE)}(XaYa t) + Z{Uhnv P:-,}(X,y, t) COS(ng),

n=1
{Wv p,} = Z{an p:‘l}(X’y7 t) Sin(m"z)7
n=1

where m, = 7.
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Energy budgets
®000

Projection of governing equations

@ We wish to have an energy budget for each vertical mode
@ Recall the cosine and sine series:

oo
{l-_jha p,} :{l—_jhoa PE)}(XaYa t) + Z{Uhnv P:-,}(X,y, t) COS(ng),

n=1
{Wv p,} = Z{an p:‘l}(X’y7 t) Sin(m"z)7
n=1

where m, = 7.

@ These series are substituted into the horizontal momentum
and density equations

@ Then we collect terms at each vertical mode
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Energy budgets
0®00

Projection of governing equations

@ The linear terms are straightforward,

Oup _ Olp, > Oy,
Br = or T2 pr osma),

00
FX iy = F X ’-_jho + Z f? X ﬁhn COS(I‘I’I”Z)7

n=1

-1 -1
——Vpp = Evhp{) + . > " Vhp), cos(myz)

0 n=1
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Energy budgets
0®00

Projection of governing equations

@ The linear terms are straightforward,

Oup _ Olp, > Oy,
Br = or T2 pr osma),

00
FX iy = F X ’-_jho + Z f? X ﬁhn COS(I‘I’I”Z)7

n=1

-1 -1
——Vpp = Evhp{) + . > " Vhp), cos(myz)

0 n=1
@ The nonlinear terms require a bit of work

(o ]
(G- V)ih = N" = N§ + > NY cos(myz),

n=1
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Energy budgets

le]e] le}
Projection of governing equations
o Copious use of trig substitution yields
1 (o]
Ng = (U, - V;, Yip, + = Z Up, — 2 Z w; tip, mj,
i=1 i=1

K/f = |: ((l_jho ' 6h)l_jh1 + (l_jhl : 6h)l_jho> + % Z ((l_jhr' : 6h)"_jhiﬂ + (l'_th»l : 6h)l_jhi) :|

i=1

1 (o]
—3 { E Wilp,,, Miy1 + Wit1Up, m,} )
i=1

. L L 1. -
Ny [((Uho V), + (U, - Vh)“fm) + E(Uhl - V),

1< .
+5 2 — < vh uh:+2 +( hit2 vh)uh,):|

N

o0
1 - - -
+ = |wilp my — E (w;lh,,, Mit2 + Wiyolip,m;)

i=1
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Projection of governing equations

Finally, the projected horizontal momentum equation is written as
as sum over modes

Mo + Z M, cos(mnz) = 0,

n=1
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Energy budgets
oooe

Projection of governing equations

Finally, the projected horizontal momentum equation is written as
as sum over modes

o0
Mo + Z M, cos(mpz) =0,
n=1
where the coefficients of each mode sum to zero,

_ ou 2 o 1l

Mo = a”°+N5+fxuh0+—Vhp6=07

- o,

Mn: ghn+Nu+f><uh+ vhpn:O7 n:17273""
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Energy budgets
oooe

Projection of governing equations

Finally, the projected horizontal momentum equation is written as
as sum over modes

Mo + Z M, cos(mnz) = 0,
n=1

where the coefficients of each mode sum to zero,

- O, - 15
Mo = at" +N6’+f><uh0+%vhp6:0,
i,

M. =
"ot

A similar procedure is used for the density equation,

. 1=
+ Ny 4 f X dp, + —Vpp, =0, n=123,...
Po

Z Dy, sin(mpz) = 0, which gives
n=1

p pONg

8/
= Pn e wo=0, n=123,...
g

D,
ot
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Modal budgets

We take the dot product,

(poH)in, - Mo = 0
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Modal budgets

We take the dot product,
(poH)iih, - Mo = 0

then integrate over an area, employ some algebra, to get

d
— Ko+ Wy+ Sy =0
az o+ Wo+ S0 )
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Energy budgets
®0
Modal budgets

We take the dot product,
(poH)iih, - Mo = 0

then integrate over an area, employ some algebra, to get

d
— Ko+ Wy+ Sy =0
az o+ Wo+ S0 )

where

H
Ky = poy //(ug +3)dA s total barotropic kinetic energy,
A
Wy = Hj!([iho -A)podS is the linear barotropic energy flux, and
A

S = pOH//ﬁho . IVS’ dA s the nonlinear barotropic energy sink.
A
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Modal budgets

A similar procedure yields the n-th baroclinic mode pseudo-energy budget,
d

—P,+W,+S5,=0, where
dt
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Energy budgets
oe
Modal budgets

A similar procedure yields the n-th baroclinic mode pseudo-energy budget,

d
dt

H 2 2 ng 2
P, = poz//(un SR o //pfn A
A A

is the total pseudo energy at mode-n,

P,+ W,+S5,=0, where

H
Wy =3 f(a, - s,
JA

is the linear baroclinic energy flux at mode-n, and

pOH// N A+ 2// AN dA,
2002

is the nonlinear sink of pseudo-energy at mode-n.
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[1e}

Energy budget summary

The budgets are

dK

Barotropic kinetic energy: dito + Wy + So =0
. dP

Baroclinic pseudo-energy: TS + W, + S, =0
dP

Total pseudo-energy: r + W + Kr + Ar =0
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Energy budgets
[1e}

Energy budget summary

The budgets are

dK

Barotropic kinetic energy: dito + Wy + So =0
. dP

Baroclinic pseudo-energy: TS + W, + S, =0
dP

Total pseudo-energy: r + W + Kr + Ar =0

which, as you might expect, sum via

d < d d
Sk Cp,=Sp,
dt °+nz::1dt dt

Wo+ > W, =W,

n=1

So+ > Sn=Kr+As

n=1
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Energy budget summary

@ The energy budget is computed inside the dashed circle

400 " " " " " 1
300} 0.8
P 0.6
£ 200}
> 0.4
0 0

0 120 240 360 480 600 720
X (km)
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Energy budget summary

@ The energy budget is computed inside the dashed circle

400 . . . , . 1
300} 0.8
P 0.6
£ 200}
> 0.4
100 0.2
0 0

0 120 240 360 480 600 720
X (km)

Also we have the tidal average operator,

t
< 1
X(t) == / X(t)dt, t>T,
t—T
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Results 2

No eddy

|_Kf+f_1f Sy —8 —8 —8 |
o~ 1 i i
= I A
S 05 CORCAL | |
= ARAASDSASECAC
B -05 N
o 1 . . .

5 10 15 20 25 30
- 0.6 T T T T
2 O
< 0.3 : : : :
= e TN
g 0 \/ : :
B 03[ N bbb ]
o

_0.6 L L L !
5 10 15 20 25 30

time (tidal periods)

@ Top: low latitude - PSI
@ Bottom: mid latitude - no PSI
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Results 2
®00

Barotropic eddy

@ Energy flux magnitude

o |pyui|
e f=05x10""%*s!
(] LE = 50 km

y (km)

e Up=45cm/s.
@ Base flux = 4.78 kW/m.
Average 16T <t < 16T

X (km)
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Barotropic eddy

Results 2
oeo

g

y (km)
8

@ Energy flux magnitude

o |pyuil

o f=10x10"*s"1

o L =30 km

e Up =30cm/s.

o Base flux = 3.68 kW/m.
@ Average 16T <t < 17T
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Results 2
ooe

Barotropic eddy

Energy flux (kw/m)

0 200 400 600 800
distance (km)

e Top: Uy = 45 cm/s, Lg = 20, 30, 40, 50 km
e Bottom: Lg = 30 km, Uy = 15, 30, 45, 60, 75, 90 cm/s.
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Results 2
[ I}

Baroclinic eddy

400 2
1 0.5
3 0 . @ Low f
L LE = 35 km
-1 -0.5
e Upg =45cm/s
o _2 ., ©® Average
0 0 ¥ 15T <t< 16T
350
0 . 0 o Energ_y flux
o v magnitude
Ezoo 200 [*] |p§u_§|
150 2 /7
o |p3u3|
100 100
10
50
0 0 0
50 150 250 350 450 50 150 250 350 450
x (km) x (km)
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Results 2
oce

Baroclinic eddy

@ Energy flux normal to 80km radius circle
] LE =35 km, Ug = 30, 45, 60 cm/s
@ Average 16T <t < 16T

400

300¢ -

2001

100¢-

Energy flux (W/m)

0 ; : . ‘
-180 -120 -60 0 60 120 18C
Angle measured from due east (degrees)

Michael Dunphy Focussing and normal mode scattering June 12, 2013 34 / 46



Results 2
©00000

Baroclinic eddy induced conversion rates

e Tidal-averaged terms for low f, Lg = 35 km, Uy = 45 cm/s

|—Kf + Af
60
40t
S 20t
=
= 0
S
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Baroclinic eddy induced conversion rates

Michael Dunphy

U | 30 45 60
Le cm/s | cm/s | cm/s
15 km X
20 km X X
25 km X X X
30 km X X X
35 km X X X
40 km X X X
45 km X X X
50 km X X X
55 km X X X
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Baroclinic eddy induced conversion rates
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Baroclinic eddy induced conversion rates
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52 at t

220 293 366 439 512 586 659 732 805

-50

Michael Dunphy Focussing and normal mode scattering June 12, 2013 39 / 46



Results 2
[eleleTelo] }

Baroclinic eddy induced conversion rates

@ Potential weaknesses:
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Baroclinic eddy induced conversion rates

@ Potential weaknesses:

@ The mode-one energy budget includes the eddy and the forced
mode-one wave

@ Energy may be lost from the eddy

@ However there is no evidence to support this (everything
indicates resonance)
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Summary

Results from this work indicate that barotropic eddies:

@ strongly affect energy flux patterns by creating hot and cold
spots of energy flux

@ use the constructive/destructive interference mechanism,
which reduces the coherence of mode-one internal tides

@ are not efficient at scattering energy between internal tide
modes

Implications for the background field:

@ Stronger energy cascade in hotspots, weaker in cold spots
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Summary

Results from this work indicate that baroclinic eddies:
o are efficient at scattering energy to higher internal tide modes
@ use the resonant triad mechanism to scatter energy

@ act as a drag on a mode-one internal tide
(analogous to the topographic drag on the barotropic tide)

Further,

@ Low mode internal tides and mesoscale eddies are highly
scale-compatible for interaction

Implications include enhanced localised dissipation:
@ Energy is shifted from mode-one to mode-two and higher
@ Higher modes propagate slower, subject to more interactions

@ Reduces the mode-one energy that reaches a shoreline
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@ Extend this work to non-constant N

@ Parameterisation?
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Summary

Future work
@ Extend this work to non-constant N
@ Parameterisation?

Related questions

@ Can mode-two internal tides be observed emanating from an
eddy?
(satellite measurements, moorings, etc)
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