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» Commodity contracts exhibit certain empirical regularities: mean-reversion and
convenience yield in spot prices, backwardation, contango and decreasing
volatility term structure (Samuelson Effect) in futures prices

» There is a significant body of literature on commodity price modeling that
attempts to capture these empirical observations

» Modeling efforts are broadly categorized into two groups:

1. Reduced-form models that characterize the spot price as the solution to an
SDE: Schwartz 1997, Schwartz & Smith 2000, Hilliard & Reis 1998

2. Structural models that explicitly capture the supply - demand intraction,
market mode (monopoly, oligopoly or competitive) and other economic
dynamics: Sundaresan 1984, Reinganum & Stokey 1985, Dockner et al.
2001, Sircar et al. 2009



Research Motivation

While reduced-form and structural models are somehow connected (economic intuition

underlying both types of models is similar), there does not appear to be an attempt to
formally unite them.

The research motivation for this work is this absence of investigation into the precise
relationship between reduced form and structural models of commodity prices.
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Literature Review (1/2)

Schwartz 1997 reviews multi-factor commodity spot price models:

» One-factor exponential Ornstein-Uhlenbeck mean-reverting model for the
commodity spot price:

dsS; = K(,U, —In (St)) Sidt + 0S5:dZ;

» Two-factor model w/ stochastic convenience yield:
dS: = (p — 8¢) Sedt 4 015:dZ}
dée = k(@ — 8¢) dt + 00dZ?
where dZ}dZ? = pdt.
» Three-factor model w/ stochastic convenience yield and interest rates:
dS; = (re — 6¢) Sedt + o1dZ}
dé; = k(& — 8¢) dt + 09dZ?
drs = a(m* —r)dt+ (73dZt3
where dZ}dZ? = pidt, dZ?dZ? = podt and dZldZ} = psdt.
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» Schwartz & Smith 2000 proposes a two factor model w/o a stochastic
convenience yield term:

St = exp (xt +7t)
dxt = —kxtdt + O'XdZX
dvt = p~ydt + oydZ)

where dZ}XdZ; = py~dt.

This model is shown to be equivalent to the two-factor model proposed in
Schwartz 1997 under linear transformations of the parameters.
» Hilliard & Reis 1998 extends Schwartz 1997 three-factor model to include

jump-diffusion in the commodity spot price in addition to stochastic convenience
yield and interest rates.

dS;
S = (u—6¢) dt+0'5dW5 + kdq:
where log (1 + k) ( (1+E[x]) — %27“)2) and (qt),>q is a Poisson

counter with intensity .
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Contribution to Literature

This work makes two major contributions to literature:

1. Help establish a connection between reduced-form and structural models by
endogenously deriving generalized forms of the Schwartz 1997 one-factor and
Schwartz & Smith 2000 two-factor models from a simple stochastic dynamic
Cournot resource extraction model.

2. Generalize the Cournot model to an arbitrary number of players, N, allowing to
derive monopoly, oligopoly and competitive market modes.
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Model Assumptions

Key assumptions underlying the simple model include:
» Single common-property resource stock

Costless extraction of resource

No storage

Intertemporally additive discounted utility

Discounted log() utility maximizing behavior by players

vV v.v. v Y

Existence of an inverse demand function (also called the market price function)
that maps total quantity extracted by all players to a price

» Homogenous resource and hence no product differentiation
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There are N players
Let X; be the resource stock and ¢; be the demand shock at time t

Let qi be the resource extracted by player i at time t, then a strategy U; for
player i defined as U; : (X, et) — gl where gl < X; Vt € [0,00) is a Markov

strategy as it only depends on the current value of the state vector and let U; be
the set of such Markov strategies for player i

Resource stock is not perfectly measurable, i.e. there is continuous uncertainty
regarding the actual stock level, and there are randomly occurring randomly
sized jumps in the resource supply, characterizing the evolution of the resource
stock as:

N

dX; = <_ S U (e, et)> dt + oxXedWe + (€% — 1) XcdNe
i=1

where (N¢t),~ is a Poisson process with rate v that is independent of (W;), .

Letting T1, T2,... be the arrival times of the Poisson process, the sequence of

01,,071,,... isiid. and 61, ~ N (ug,09) Vi
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> As long term demand for the resource is linked to stable consumption levels,
demand shocks are temporary in nature and should be mean-reverting,
characterizing the demand shock process (€t),~q as a mean-zero OU process:

der = —aerdt + ocdZ;
where dW;dZ;: = pdt
» The market price function is given by p (q%, R qé\’) = (Z,N:1 q}) o with
dp/dqi <0
» The profit function is given by 7 (qi,p) = pqi with O /dq} > 0



Problem Formulation

> Player i's value function J] at time t is defined as:

i o Ui X )
Ji(x,e) =E / e " log M ds | Xt =x,et =€
t Zj:l Uj (Xs, €s)

N
st dXe = < ST U (X, et)> dt + ox XedW; + (e"r - 1) XedN;
i=1
CIEt = —OfEtdt + O'edZt, thdZt = pdt

Since (Wr),>q and (Z:),> are correlated, we can define a new Brownian motion

(Wt)po that is independent of both (Wt),5q and (Zt),» and represent
dZ, = pdW; + (1—p)"? dW.
» The objective of player i is to find optimal strategy U such that:
JL(x, elUF, U%}) > JE(x,€elUi, UZ)) YU; € U; and Yt
where U_; = (Ui, ..., Ui—_1, Uiy1, ..., Up).

We define V/ (x,¢€) := Ji (X, €|Ur, Uji> as the optimal value function for player

I.



Solution Overview

We take the stochastic dynamic programming approach and write the HJB equation
for player i's optimal value function V/ (x,¢) at time t:

. . Ui (x,€) exp (€)
sup |G x* V/(x,€) —rV{(x,¢e) + log =0
Ui ey e0oq) £009) (Ui (x,€) + ZJ'N:LJ;&,' Ur (x; )

where G is the infinitesimal generator.
For brevity, drop the function parameters x, ¢, then G * V/ is given by PIDE:

oVj avi 10%Vj , ,
ox  “Toe T2axe X

N
v = (-u- > v
J=Lj#i
1 aQVt"G2 o?Vj
2 9e2 ¢ Ox0e

oxoepx +yE [Vt’dr — Vt']

where Vti+ =V, (xee,e | 6: = 6) accounting for the jump.

We proceed with the solution by fixing and differentiating the HJB equation w.r.t. U;
and then looking for a symmetric solution of the type U} = Uj* vi,je[1,...,N].
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Symmetric Nash Equilibrium Solution

» The optimal value function of player i is:

; 1/1 o 1 €
V;(X,e):;(afN)fer 2r2+2—|og( N2(2N71)> .

» The Markov optimal extraction strategy is:

2N -1
N

which is independent of the demand uncertainty e.

U (x,€) = rx

» The law of motion of the resource stock under optimal extraction behavior by
players is:

dXe = —r (2N — 1) Xedt + ox XedWs + (egf - 1) XedN;

» The law of motion of the spot price of the resource is:
dpe

1 1
o = (faet+§r(2Nfl)+§cr§

1 3

2050Xp+ 8UX dt
1 .

(aep — EJX) dW; + oc (1 — p2)1/2 dW; + (ef%ef — 1) dN;

where <V~Vt> N and (Wf)t>0 are independent Brownian motions.
t>0 =



Key Results (1/2)

Derivation of generalized Schwartz 1997 one-factor model

If you assume in the Dynamic Cournot model that there is no supply-side uncertainty
and the only uncertainty is that of demand uncertainty, then we pick the parameters
ox = 0,0 =0Vt and p =0. Then, based on the solutions on the prior page,

Xe = xoexp(—rt(2N —1)), with Xo = xo
1
pt = (o (2N — 1))71/2 exp (rt (N - 5) + €t)
d 1 1 -
P (faet+fr(2Nfl)+7Uz) dt + oed W,
1% 2 2

Rewriting €; in terms of p; and then plugging into expression for dp:/p:

Dynamic Cournot model : dp: = a(u(t) — log (pt)) pedt + ngtth
Schwartz one-factor model : dS; = k (u — log (St)) Stdt + 05:dZ;

2
where p (t) = r (N — %) (é +1t)+ Z—; — % log (rxo (2N — 1)).



Key Results (2/2)

Derivation of generalized Schwartz & Smith 2000 two-factor model
Taking a detour and looking at the Schwartz & Smith 2000 model,

St = exp(xt+)
dx: = —kxedt+ oydZ
dyt = padt+o,dZ], dZXdZ] = pdt

Comparing law of motion of S; to p; from the dynamic Cournot model,

dS, 1 1
oF = dxe + dye + S (dxe)® + dxedye + S (dye)’
St 2 2
% = |:_Of€fdt + oe (det + (1 - p2)1/2 th)] + |:10'§dt:|
pt 2
dxtzanth»o'XerX %(er)z

1 1, 1 1, 1
+ |:<§,fo + ZUX) dt — EngWt] + {gaxdt} + |:—§0'X0'epdt:|
—_——— —,—
dyi=p~dt+o-dZ) L(dn)? dxedve

+ [(e—%er - 1) dNt]

additional jump term
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The most obvious limitation of the model is that it considers a single
common-property resource stock that is accessible by all players

The model does not consider any extraction costs
The model does not consider any storage
The model does not explicitly consider storage

The log() utility allows for easy decoupling of optimization terms and analytical
tractability

Further Research

>

>

Allowing for semi-private resource stocks

Extending the model for geographically dispersed resource stocks and increasing
cost of extraction for farther sources

R&D effects and technological improvement

Fitting and empirical analysis of the structural model
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