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The equations Notations
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ALK TELIUEIN  The free surface Euler equations

The fluid is homogeneous and inviscid
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The surface and the bottom can be parametrized as graphs

The fluid particles do not cross the bottom
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The fluid particles do not cross the surface
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There is no surface tension and the external pressure is constant.
The fluid is at rest at infinity
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The water depth does not vanish
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curl U=0

The surface and the bottom can be parametrized as graphs
The fluid particles do not cross the bottom
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ALK TELIUEIN  The free surface Euler equations

(H1) 0U+(U-Vx U =—2Vx P —ge,in Q

(H2) divU =0

(H3) curlU=0

(H4) Q; = {(X,z) € R —Hy + b(X) < z < {(t, X)}.
(H5) The fluid particles do not cross the bottom

(H6)

(H7)

(H8)

(H9)

The fluid particles do not cross the surface

The fluid is at rest at infinity

The water depth does not vanish
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(H1) 0U+(U-Vx U =—2Vx P —ge,in Q

(H2) div U =0

(H3) curfU=0

(H4) Q. = {(X,z) € R —Hy + b(X) < z < {(t, X)}.

(H5) U-n=0o0n {z=—Ho + b(X)}.

(H6) The fluid particles do not cross the surface

(H7) There is no surface tension and the external pressure is constant.
(H8) The fluid is at rest at infinity

(H9) The water depth does not vanish
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(H1) 0U+(U-Vx U =—2Vx P —ge,in Q
(H2) divU =0
(H3) curlU=0
(HA) Q = {(X,2) € R4, —Ho + b(X) < z < (£, X)}.
(H5) U-n=0o0n {z=—Ho + b(X)}.
(H6) 9:¢ — /14 [VCPU-n=0on {z = ¢(t,X)}.
(H7)
(H8)
(H9)

The fluid is at rest at infinity

The water depth does not vanish
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(H7) P = Patm on {z = ((t, X)}.

(H8) lim(x 2)|»00lC(t, X)| + [U(t, X, 2)| =0

(H9) The water depth does not vanish
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ALK TELIUEIN  The free surface Euler equations

(H1) 0;U+ (U-Vx,)U= —%VXJP —ge, in Q;
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(H1) 0:U+ (U-Vx,)U= —%Vx,zP—gez in Q;

(H2) divU =0

(H3) curlU=0

(H4) Q. = {(X,z) € R —Ho + b(X) < z < {(t, X)}.
(H5) U-n=0o0n {z=—Ho + b(X)}.

(H6) 0:¢ — /14 |V¢[PU-n=0on {z=¢(t, X)}.
(H7) P = Patm on {z = ((t, X)}.

(H8) lim|(x )00l (t, X)| +|U(t, X, 2)| = 0

(H9)

H9) FHmin >0,  Ho+ C(t, X) = b(X) > Hpmin.

Definition

Equations (H1)-(H9) are called free surface Euler equations.
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ALK TELIUEIN  The free surface Euler equations

(H1) 90U+ (U-Vx)U = —%VX,ZP —gez in

(H2) divU =0

(H3) curlU=0

(H4) Q0 = {(X.2) € R, —Ho + b(X) < 2 < ((£. X)}.
(H5) U-n=0o0n {z=—Ho + b(X)}.

(H6) 0:¢ — /14 |V¢[PU-n=0on {z=¢(t, X)}.
(H7) P = Patm on {z = ((t, X)}.

(H8) lim|(x )00l (t, X)| +|U(t, X, 2)| = 0

(H9)

H9) FHmin >0,  Ho+ C(t, X) = b(X) > Hpmin.

Definition
Equations (H1)-(H9) are called free surface Euler equations.

~~ ONE unknown function ¢ on a fixed domain R?
~» THREE unknown functions U on a moving, unknown domain €,
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LLGCKCTELUEM  The free surface Bernoulli equations
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0U+ (U-Vx,)U = —%VXJP —ge, in Q;
dvU=0

curl U=0

Q= {(X,z) € RI*L, —Hy + b(X) < z < ((t, X)}.
U-n=0on {z=—Hy+ b(X)}

9:¢ — /14 |VCPU -n=0on {z =¢(t, X)}.

P = Putm on {z = ((t, X)}.

lim(x 2)| =00l C (£, X) | + [U(t, X, 2)[ = 0

IHmin > 0, Ho + ¢(t, X) — b(X) > Hpmin.
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LLGCKCTELUEM  The free surface Bernoulli equations

H1)" 9;U+ (U-Vx,)U = —%VX,ZP—geZ in Q;
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LLGCKCTELUEM  The free surface Bernoulli equations
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LLGCKCTELUEM  The free surface Bernoulli equations

(H1)" 0:® + 3|V 0> + gz = — (P — Pam) in Q
(H2)' Ax,®=0
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(H1)" 0:® + 3|V 0> + gz = — (P — Pam) in Q
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(H1)" 0:® + 3|V 0> + gz = — (P — Pam) in Q
(H2) Ax,® =0
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Definition

Equations (H1)'-(H9)" are called free surface Bernoulli equations.

~~ ONE unknown function ¢ on a fixed domain R?
~~ ONE unknown function ® on a moving, unknown domain Q;
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ZAKHAROV 68:
@ Define |4(t, X) = &(t, X, ((t, X)) |
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ZAKHAROV 68:
@ Define |4(t, X) = &(t, X, ((t, X)) |
@ ( and % fully determine ®: indeed, the equation

{ AX,Z(D =0 in Qt,
¢|z:< =, 6"¢|z:—H0+b =0.

has a unique solution ®.
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ZAKHAROV 68:
@ Define |4(t, X) = &(t, X, ((t, X)) |
@ ( and % fully determine ®: indeed, the equation

{ AX,ZCD =0 in Qt,
¢|z:< =, a"¢|z:—H0+b =0.

has a unique solution ®.

© The equations can be put under the canonical Hamiltonian form

with the Hamiltonian
H== 2 uj?
5| &+ [ Ul
Rd Q
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What are the equations on ¢ and 7?77

Question J
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Question }

What are the equations on ¢ and 7?77

e Equation on (. It is given by the kinematic equation

0eC — \/1+ [VC[20n®),_, =0

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity Toronto, January 10th, 2014 6 /33



Question
What are the equations on ¢ and 7?77

e Equation on (. It is given by the kinematic equation

¢ — \/1+ |VC[20n0)_ =0

CRAIG-SULEM 93:

Definition (Dirichlet-Neumann operator)

GG,bl: ¥ = G¢ by = /14 V(2 On®l-
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What are the equations on ¢ and 777?

Question J

e Equation on (. It is given by the kinematic equation

0:¢C —4/1+ ’VC\23n¢|Z:< =0
CRAIG-SULEM 93:

Definition (Dirichlet-Neumann operator)

GIGBl- W o GG bl = v/1+ [V OnPlc

Ax o =0,
On®__, ., =0,
d)|Z:C _ 'l,b
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What are the equations on ¢ and 777?

Question J

e Equation on (. It is given by the kinematic equation

0:¢C —4/1+ ]VCP&,,(MZZC =0
CRAIG-SULEM 93:

Definition (Dirichlet-Neumann operator)

G(,bl: ¥ — G[¢, bl = /T+ V(]2 O
~~ The equation on { can be written

|0:C — GI¢, b = 0]
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Question J

What are the equations on ¢ and 777?

e Equation on (. It is given by the kinematic equation

0:¢¢ — 1+HKP%¢EC:O
CRAIG-SULEM 93:

Definition (Dirichlet-Neumann operator)

G(,bl: ¥ — G[¢, bl = /T+ V(]2 O
~~ The equation on { can be written

|0:C — GI¢, b = 0]

Remark. One has the exact relation

_ e ¢
GI¢, b = —V-(hV)  with h= Ho+C—b and V = 1/ V(X, 2)dz
h J_Ho+b
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e Equation on . We use (H1)" and (H7)"

1 1
8t(b + §|VX,Z¢|2 + gz = _;(P - Patm) AND P|Z:< = Fatm
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The Zakharov/Craig-Sulem formulation
e Equation on . We use (H1)" and (H7)"
1 1
0:® + 5|vx,zc1>|2 +gz= —;(P — Patm)  AND P = Patm

1
0P| + §yvx,z¢||22:< +g¢(=0
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e Equation on . We use (H1)" and (H7)"

1 1
8t(b + §|VX,Z¢|2 + gz = _;(P - Patm) AND P|Z:< = Fatm
1 2
P, + §!VX,Z¢I|Z:< +8¢=0

~~ The equation on 1) can be written

(GI¢. bl + V¢ - V)2 _
20+ vep)

1
Ontb + gC+ SV =
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e Equation on . We use (H1)" and (H7)"

1
8t(b + §|VX,Z¢|2 + gz = (P - Patm) AND P|Z:< = Fatm

1
p

y

1
0P| + §yvx,z¢|izc +g¢(=0

~~ The equation on 1) can be written

1
Ontb + gC+ SV =

(GI¢, bly + V¢ - Vy)?

2(1 +[V¢P)

=0.

The Zakharov-Craig-Sulem equations

8tC - G[Ca b]¢ = 07

1
O+ gC+ 5|Vl -

(GIG. bl + V- VP

2(1+[V¢P)
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Asymptotic expansions Nondimensionalization

Goal

Derive simpler asymptotic models describing the solutions to the water
waves equations in shallow water.
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Asymptotic expansions Nondimensionalization

Goal

Derive simpler asymptotic models describing the solutions to the water
waves equations in shallow water.

@ For the sake of simplicity, we consider here a flat bottom (b = 0).
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Asymptotic expansions Nondimensionalization

Goal

Derive simpler asymptotic models describing the solutions to the water
waves equations in shallow water.

o For the sake of simplicity, we consider here a flat bottom (b = 0).
@ We introduce three characteristic scales
@ The characteristic water depth Hy
@ The characteristic horizontal scale L
© The order of the free surface amplitude a
@ Two independent dimensionless parameters can be formed from these
three scales. We choose:

a :

— =¢ (amplitude parameter ),
Ho

H2

L—g =y (shallowness parameter ).
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Asymptotic expansions Nondimensionalization

We proceed to the simple nondimensionalizations

/_{ ' Z /_Q
X o z—Ho, (—a, etc
z
0
hmz’n
7
—1 + Bb(X)
-1 X e R¢
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Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,

0V +V(+ %V!Vz/)\z — EMV(_V (hV) + V(eQ) - Vi)* =

2(1+ e2ulV(P?)

0,
where in dimensionless form

1 [
h=14+¢( and V:h/ V(x,z)dz.
-1
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Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,

-V -(hV . Y74/)2
8Nw+vg+2vyw\2—ew( V- (hV) + V() - V)

2(1+ e2ulV(P?)

— O,
where in dimensionless form

1 [
h=14+¢( and V:h/ V(x,z)dz.
-1

Shallow water asymptotics (@ < 1)

y
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Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,

V. (hV )2
atw+vg+;vyw\2—euv( V- (hV)+ V(EQ) - V)"

2(1+ e2ulV(P?)

0,
where in dimensionless form

1 [
h=14¢( and V= h/ V(x,z)dz.
-1
Shallow water asymptotics (@ < 1)
@ We look for an asymptotic description with respect to p of Vi) in
terms of ¢ and V

y
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Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,

V. (hV )2
8tw+vg+;vyw\2—ew( V- (hV)+ V() - V)T _

2(1+ e2ulV(P?)

0,
where in dimensionless form

1 [
h=14+¢( and V:h/ V(x,z)dz.
-1

Shallow water asymptotics (@ < 1)

@ We look for an asymptotic description with respect to p of V) in
terms of ¢ and V

@ This is obtained through an asymtotic description of V in the fluid.

v

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity Toronto, January 10th, 2014 10 / 33




Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,
V. (hV )2
070 + VC+ SVIVuf? - euy T IV EVE) VOF

2(1+ e2ulV(P?)

0,
where in dimensionless form

_ =
h=14+¢( and V:h/ V(x,z)dz.
-1

Shallow water asymptotics (@ < 1)

@ We look for an asymptotic description with respect to p of V) in
terms of ¢ and V

@ This is obtained through an asymtotic description of V in the fluid.

@ This is obtained through an asympotic description of ¢ in the fluid,
O ~ Oy + by + 2Dy + ...

v
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Asymptotic expansions Nondimensionalized equations

9:¢+V-(hV) =0,
V. (hV )2
070 + VC+ SVIVuf? - euy T IV EVE) VOF

2(1+ e2ulV(P?)

0,
where in dimensionless form

_ =
h=14+¢( and V:h/ V(x,z)dz.
-1

Shallow water asymptotics (@ < 1)

@ We look for an asymptotic description with respect to p of V) in
terms of ¢ and V

@ This is obtained through an asymtotic description of V in the fluid.

@ This is obtained through an asympotic description of ¢ in the fluid,
O ~ Oy + by + 2Dy + ...

o At first order, we have a \columnar motion | and therefore
Vip =V 4+ O(n).

v
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Asymptotic expansions Nondimensionalized equations

0.+ V- (hV) =0,
8V +V(+eV-VV =0.

Saint-Venant {

where we dropped all O(y) terms.

Shallow water asymptotics (1 < 1)

@ We look for an asymptotic description with respect to p of Vi) in
terms of ¢ and V

@ This is obtained through an asymtotic description of V in the fluid.

@ This is obtained through an asympotic description of ® in the fluid,
¢~¢o+u¢1+u2¢2+...

@ At first order, we have a ‘columnar motion | and therefore
Vi =V + O(u).

v
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Asymptotic expansions Nondimensionalized equations

0.+ V- (hV) =0,
8V +V(+eV-VV =0.

Saint-Venant {

where we dropped all O(y) terms.

Shallow water asymptotics (1 < 1)

@ We look for an asymptotic description with respect to p of Vi) in
terms of ¢ and V

@ This is obtained through an asymtotic description of V in the fluid.

@ This is obtained through an asympotic description of ® in the fluid,
¢~¢o+u¢1+u2¢2+...

o At first order, we have a ‘columnar motion ‘ and therefore
Vi =V + O(w).

@ All this procedure can be fully justified (cf Walter Craig for KdV |)
y
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Numerical computa 1D simulations

=0
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Numerical computations 1D simulations

Bonneton, Chazel, L. , Marche, Tissier 2011-2012
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Numerical computations 2D computations

2D configurations can also be handled (D.L. & F. Marche, 2014):

e Tsunami island
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Numerical computations 2D computations

2D configurations can also be handled (D.L. & F. Marche, 2014):

e Beach
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Numerical computations 2D computations

2D configurations can also be handled (D.L. & F. Marche, 2014):

e Overtopping
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W CTE RSy [N El T EM 2D computations

Bonneton (CD2013)~UMR EPOC— Photo. Y. Lavigne Bonneton (CD2013)-UMR EPOC— Photo. Y. Lavigne
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Water waves with vorticity Basic assumptions

H1
H2
H3
H4

The fluid is homogeneous and inviscid
The fluid is incompressible

TR Mo e/ Iydtational

The surface and the bottom can be parametrized as graphs above the
still water level

(H1)
(H2)
(H3)
(H4)

H5
H6

(H5) The fluid particles do not cross the bottom

(H6)

(H7) There is no surface tension and the external pressure is constant.
(H8)

(H9)

The fluid particles do not cross the surface

H8) The fluid is at rest at infinity

H9) The water depth is always bounded from below by a nonnegative

constant

Refs: Lindblad, Coutand-Shkoller, Shatah-Zeng, Zhang-Zhang,
Masmoudi-Rousset, ...
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Water waves with vorticity Euler’s equations

1
atU+U'vX,zU = _;vX,ZP_geZ7
vXZ ‘U = 07

P|Z:< Patm
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Water waves with vorticity Euler’s equations

1
8tU—|—U-Vx,zU = _;vX,zP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Irrotational case
o We get from curl U =0 that U= Vx ,®
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Water waves with vorticity Euler’s equations

1
8tU—|—U-Vx,zU = _;vX,zP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Irrotational case
o We get from curl U =0 that U= Vx ,®

@ We replace Euler's equation on U by Bernoulli's equation on ¢

1 1
Ord + 5|vx,zcl>|2 +gz= —;(P — Paim)

y
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Water waves with vorticity Euler’s equations

1
8tU—|—U-Vx,zU = _;vX,zP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Irrotational case
o We get from curl U =0 that U= Vx ,®

@ We replace Euler's equation on U by Bernoulli's equation on ¢
1 5 1
at¢+§|VX7Z¢| +gZ: _;(P_Patm)

@ We eliminate the pressure by taking the trace on the interface

y
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Water waves with vorticity Euler’s equations

1
8tU—|—U~Vx,zU = _EVX,ZP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Irrotational case
o We get from curl U =0 that U= Vx ,®

@ We replace Euler's equation on U by Bernoulli's equation on ¢

1 1
Ord + 5|vx,zcl>|2 +gz= —;(P — Paim)
@ We eliminate the pressure by taking the trace on the interface
@ We reduce the problem to an equation on ¢ and

P(t, X) = &(t, X, {(t, x)).

y
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Water waves with vorticity Euler’s equations

1
atU+U'vX,zU = _;vX,ZP_geZ7
vXZ ‘U = 07

P|Z:< Patm
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Water waves with vorticity Euler’s equations

1
8tU—|—U-Vx,zU = _;vX,zP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Rotational case
One has curl U =w # 0 and

8tw +U- VX,ZL{) =W - VXJU.
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Water waves with vorticity Euler’s equations

1
U+ U-Vx, U = —;VX’ZP—gez,
Vx.-U = 0,
P|Z:< = Pam

Rotational case
One has curl U =w # 0 and

8tw +U- VX,ZL{) =W - VXJU.

@ One cannot work with the Benouilli equation
~» How can we use the boundary condition on the pressure P?
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Water waves with vorticity Euler’s equations

1
8tU—|—U~Vx,zU = _EVX,ZP_geza
vX,Z ‘U = 07
P|Z:< = Pam

Rotational case
One has curl U =w # 0 and

8tw +U- VX,ZL{) =W - VXJU.

@ One cannot work with the Benouilli equation

~» How can we use the boundary condition on the pressure P?
@ One can remark that

V(P
(VxzP)... = ( (oz_c)>+’\’az’”|z_<

= 04+ NO,P _.
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Water waves with vorticity New formulation

One has )
U+ U-Vx, U= _EVX,ZP — ge;

and
(Vx.zP),_. = NP, with N = ( _1VC ) .
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Water waves with vorticity New formulation

One has )
U+ U-Vx, U= _EVX,ZP — ge;

and
(Vx.zP),_. = NP, with N = ( _1V4 ) .

~> One can eliminate the pressure by
© Taking the trace of Euler's equation at the surface
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Water waves with vorticity New formulation

One has )
81_-U +U- VX,ZU = _EVX’ZP — ge;

and

: B v/e
(Vx2P)_. = NO,P_.,  with /\/:( 1 )

~> One can eliminate the pressure by
© Taking the trace of Euler's equation at the surface
@ Take the vectorial product of the resulting equation with N.
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Water waves with vorticity New formulation

One has )
U+ U-Vx, U= _EVX,ZP — ge;

and
(Vx.zP),_. = NP, with N = ( _1V4 ) .

~> One can eliminate the pressure by
© Taking the trace of Euler's equation at the surface
@ Take the vectorial product of the resulting equation with N.

~~ This leads to an equation on the tangential part of the velocity at the
surface
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Water waves with vorticity New formulation

One has )
U+ U-Vx, U= _EVX,ZP — ge;

and

: B v/e
(Vx2P)_. = NO,P_.,  with N:( 1 )

~> One can eliminate the pressure by

© Taking the trace of Euler's equation at the surface

@ Take the vectorial product of the resulting equation with N.
~~ This leads to an equation on the tangential part of the velocity at the
surface

Notation

With U = (V,w) = U|Z:<, we write

—yt
— — I
U =V+wV( sothat UxN <—U”L-VC>
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Water waves with vorticity New formulation

1
8tU+U-VX,ZU:—;VX,ZP—geZ x N
‘z:(
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Water waves with vorticity New formulation

1
{atu—i-U‘Vx’ZU:—pVXJP—gez} x N
‘z:(

ﬂ ( with some computations)

1 1
0:Uj +gV¢+ 5V|UH|2 — 5v((1 +|V¢PHw?) +w - NV =0.
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Water waves with vorticity New formulation

1
{atu—i-U'szu:—pVXJP—gez} x N
‘z:(

ﬂ ( with some computations)

1 1
0:Uj +gV¢+ 5V|UH|2 — 5v((1 +|V¢PHw?) +w - NV =0.

What does it give in the irrotational case?

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity Toronto, January 10th, 2014 19 / 33



Water waves with vorticity New formulation

1
{atu—i-U'szu:—pVXJP—gez} x N
‘z:(

ﬂ ( with some computations)
1 1
0:Uj +gV¢+ 5V|UH|2 — 5v((1 +|V¢PHw?) +w - NV =0.

What does it give in the irrotational case?

In the irrotational case, one has

U|| = V.
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Water waves with vorticity New formulation

1
{atu—i-U'szu:—pVXJP—gez} x N
‘z:(

ﬂ ( with some computations)
1 1
0:Uj +gV¢+ 5V|UH|2 — 5v((1 +|V¢PHw?) +w - NV =0.

What does it give in the irrotational case?

In the irrotational case, one has

Uy = V.

How do we generalize to the rotational case?

We decompose U into

U|| =Vy + VL@Z

v
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We have found

1 1
0V +gVC+ VI = SV((1+ |[VCP)w®) +w- NVF =0,

and decomposed B
Uj =V + Vo
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We have found

1 1
0V +gVC+ VI = SV((1+ |[VCP)w®) +w- NVF =0,

and decomposed B
Uj =V + Vo

@ The question is now to find equations on v and 1/7
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We have found

1 1
0V +gVC+ VI = SV((1+ |[VCP)w®) +w- NVF =0,

and decomposed B
U=V +Viy

@ The question is now to find equations on v and 1/7

@ This is done by projecting the equation onto its “gradient” and
“orthogonal gradient” components
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We have found

1 1
0V +gVC+ VI = SV((1+ |[VCP)w®) +w- NVF =0,

and decomposed B
U=V +Viy

@ The question is now to find equations on v and 1/7

@ This is done by projecting the equation onto its “gradient” and
“orthogonal gradient” components

d|v and d|v

@ This is done by applying to the equation
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Water waves with vorticity New formulation

We have found

1
8tU|| +gV{+ EV‘U”F —

and decomposed

U” =Vy + VL@Z

“orthogonal gradient” components

@ The “orthogonal gradient” component yields

This is done by applying

d|v and d|v

V(A4 V)W) +w- NV =0.

The question is now to find equations on ¢ and 1/7

This is done by projecting the equation onto its “gradient” and

to the equation

Oe(w-N—V*+-U)) =

)

which is trivially true and does not bring any information

David Lannes (DMA, ENS et CNRS)

Water Waves with vorticity

Toronto, January 10th, 2014
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Water waves with vorticity New formulation

1 1
U +&V¢+ VYR = SV ((1+|VEP)w?) +w- NV =0,
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1 1
U +&V¢+ VYR = SV ((1+|VEP)w?) +w- NV =0,

@ The “orthogonal gradient “component of the equation does not bring
any information
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1 1
U +&V¢+ VYR = SV ((1+|VEP)w?) +w- NV =0,

@ The “orthogonal gradient “component of the equation does not bring
any information
@ The “gradient” component of the equation is obtained by applying

d%. After remarking that
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1 1
U +&V¢+ VYR = SV ((1+|VEP)w?) +w- NV =0,

@ The “orthogonal gradient “component of the equation does not bring
any information

@ The “gradient” component of the equation is obtained by applying

d'V . After remarking that
div div
AU = 3 —— (Vi + Vi)
= 9,
we get
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Water waves with vorticity New formulation

1
8tU|| +gV{+ 5V‘U|||2 -

SV +IVEP)w?) +w- NV+ = 0.

@ The “orthogonal gradient “component of the equation does not bring

any information

@ The “gradient” component of the equation is obtained by applying

d'V . After remarking that

div div

TU” = A —— (V¢ + V1)

= 9,
we get
2 \ 1
0t¢+gC+*|U||! ((1+|VC|) %) + Z'(@NM )=0
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Water waves with vorticity New formulation

Irrotational case
0:(¢—U-N=0,
(U-N+VC-Vg)?
21+ 1v¢PR)

(2CS) { Du+ 8¢+ 5|Vl -

w = 0.
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Water waves with vorticity New formulation

Irrotational case
0:(¢—U-N=0,
(U-N+VC-Vg)?
21+ 1v¢PR)

(2CS) { Du+ 8¢+ 5|Vl -
w = 0.

Moreover, U - N = G[C]¢
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Water waves with vorticity New formulation

Irrotational case
0:(¢—U-N=0,
(U-N+VC-Vg)?
21+ 1v¢PR)

(2CS) { Du+ 8¢+ 5|Vl -
w = 0.

Moreover, U - N = G[C]¢

= (ZCS) is a closed system of equations in (¢, ).
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Water waves with vorticity New formulation

Irrotational case

¢ —U-N=0,
1 (U- N+ V¢ - Vip)?
ZCS - 2_ =
(2Cs) O+ 8¢+ S|V STV 0
w = 0.
Moreover, U - N = G[C]¢
= (ZCS) is a closed system of equations in (¢, ).
Rotational case
ot¢—U-N=0,
1 (U-N+VC-U)? vt
ZCS)gen SR - WY (- NV
0w+ U-Vx,w=w-Vx_,U.

v
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Water waves with vorticity New formulation

Irrotational case
0:¢—U-N=0,
1 (U- N+ V¢ - Vip)?
ZCS ) ZIvyl? — =0
w = 0.
Moreover, U - N = G[C]¢
= (ZCS) is a closed system of equations in (¢, ).
Rotational case
0 —U-N =0,
1 (U-N+VC-Up)2 vt
ZCS Uy 1% = Y (. NV
0w+ U-Vx,w=w-Vx_,U.
~ is this a closed system of equations in ((, 1, w) ?

v
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o(—U-N=0,
1 (Q-N—i—VC'U”)z V-
ZCS)gen 4O ~ 1Yy ? - =— (w-NV
atw+U-Vx7zw:w-VX,zU.

We want to prove that this is a closed system of equations in (¢, %, w):
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0:¢—U-N=0,
1 (Q‘N—i—VC'U”)z V-+
ZCS)gen {0 Uy = =——  (w-NV
atw+U-Vx7zw:w-VX,zU.

We want to prove that this is a closed system of equations in (¢, %, w):
@ It is enough to prove that U is fully determined by (¢, ¥, w)
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Water waves with vorticity New formulation

H(—U-N=0,
1, (UN+VC-U)?
(ZCS)gen 4 Deth + 8¢+ 51U — 201+ [V¢pR)

atw +U- szw =w- VX’ZU.

We want to prove that this is a closed system of equations in (¢, %, w):
e It is enough to prove that U is fully determined by (¢, v, w)
@ We recall that by definition of ¢ and 4,

Uy = Vi + Ve,

and we have already used the fact that |w - N = V* - U |: therefore
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Water waves with vorticity New formulation

H(—U-N=0,
1, (UN+VC-U)?
(ZCS)gen 4 Deth + 8¢+ 51U — 201+ [V¢pR)

atw +U- szw =w- VX’ZU.

We want to prove that this is a closed system of equations in (¢, %, w):
e It is enough to prove that U is fully determined by (¢, v, w)
@ We recall that by definition of ¢ and 4,

Uy = Vi + Ve,

and we have already used the fact that |w - N = V* - U |: therefore

1

UH:V@D—F%Q-N.
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h(—U-N=0,
1 (U- N+ V¢ U))?
ZCS)gen {0 S|y - =
5tW+U-VX7zw:w-VX,ZU.

We want to prove that this is a closed system of equations in (¢, %, w):
e It is enough to prove that U is fully determined by (¢, v, w)
@ We recall that by definition of ¢ and 4,

Uy = Vi + Ve,
and we have already used the fact that |w - N = V* - U |: therefore
vJ_
@ We are therefore led to solve
curl U = w in Q
divU = 0 in Q
U, = Vip + VA (w - N) at the surface

u Ny

David Lannes (DMA, ENS et CNRS
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at the bottom:
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Water waves with vorticity The div-curl problem

curl U = w in Q

div U = 0 in

U, = Vi + VA (w - N) at the surface

U|Z:H0 -Np= 0 at the bottom.
Proposition

For all w € Hp(divg, Q) and all 1) € H3/?(RY),
(1) There is a unique solution U € H*(Q)+! to the div-curl problem, and

1
U2 + [[Vx,-U]2 < C(h—_ [Clwzee) (lwll2,p + [V 1s2).-

?
min
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Water waves with vorticity The div-curl problem

curl U= w
div U= 0
U” = Vi + VLAfl(g . N)
U|z*7H0 ’ Nb 0
Proposition

For all w € Hp(divg, Q) and all 1) € H3/?(RY),

in Q
in Q
at the surface
at the bottom.

(2) The solution U can be written U = curl A + Vx ,® with

( curl curl A =w
dvA =0
Nb X A‘bott =0
N- A|surf =0
(curl A) =V+A~lw- N,
\ N - curl A‘bott =0,

[]

in Q,
in Q,

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity

Toronto, January 10th, 2014
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Water waves with vorticity The div-curl problem

curl U = w in Q

divU = 0 in Q

U, = Vi + VA (w - N) at the surface

U|ZZH0 -Np= 0 at the bottom.
Proposition

For all w € Hy(divo, Q) and all ¥ € H*/2(R?),
(2) [...] while ® € HY(Q) solves

Ax,d=0 in Q,
=, O, ., =0.

—14+8b
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Water waves with vorticity The div-curl problem

Proof.
curl curl A =w
Nb X A|Z:_H =0
N - A‘Z:C =0
(curl A_), =V

Step 4. Solving AY) = w - N in HY/2(RY).
@ Use Lax-Milgram in Hl(R_‘j) to solve the variational formulation of
the equation: for all v € H'(R9)

/ VV’VTZ:/ w - Nv
Rd Rd

ext ext
= / wp - Nv|Z:_1+ﬂb — / w-Vx v
Rd Q

< (|ID]  wp - No| e + [w]2)[V V]2

=l|wll2,s
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Water waves with vorticity Well-posedness

0(—U-N=0,
1 (g-N—l—VC-UH)Z V-
2CS) gon L - 7w
0w +U-Vx,w=w-Vx_,U.

Corollary
This is a closed system of equations in ({,v,w). J
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¢ —U-N=0,

1 (Q~N+VC~UH)2
ZCS) gen ) ~1Uy? =
0w +U-Vx,w=w-Vx_,U.

Corollary
This is a closed system of equations in ({,v,w). J

~ Is it well posed??? Strategy of the proof:

@ Work with straightened vorticity and velocity: U=UoY, w =woX
and derive higher order estimates on the div-curl problem

@ Study of the dependence of U = U[(](v),w) on its arguments (shape
derivatives etc)

© Quasilinearization of the equation ~~ role of the “good unknown”
@ A priori estimates
© Existence proof
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Water waves with vorticity Well-posedness

Quasilinearization

@ The “good unknown” is natural for the study of free boundary
problems (Alinhac). Here

00"~ Ugg)| - e with  Ugg) = 07U =" 90, U"
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Water waves with vorticity Well-posedness

Quasilinearization

@ The “good unknown” is natural for the study of free boundary
problems (Alinhac). Here

00"~ Ugg)| - e with  Ugg) = 07U =" 90, U"

o Differentiating the equations we get

(0 +V-V)0“C - 8kQ(3) N ~ 0,
(at + V. V)(U(‘g)” . ek) + aaag‘ ~ 0,
(07 + U-V%,)0'w ~ 0

with a = g 4 (0; + V. - V)w and 9° = 9,9°.
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Water waves with vorticity Well-posedness

A priori estimates

(Or+ V- V)aag—akg(g) -N~0
(0 + V- V) (U - €) +ad*¢ ~0
(07 + U- V% ,)0%w ~ 0

Ot(wp - Np) + V- (wp - NpVp) =0

David Lannes (DMA, ENS et CNRS)

Water Waves with vorticity

xa0*(
X0l - N
xPw

x|D|1

Toronto, January 10th, 2014
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Water waves with vorticity Well-posedness

A priori estimates

(815 +M . V)@O‘C—akg(ﬁ) -N~0 Xﬂaac
(07 + U- V% ,)0%w ~ 0 xdPw
8t(wb-Nb)+V-(wb-Nbe):0 X‘Drl

For all || < N (N >5), we get

%&(aaaCﬁaC) + (0 + V- V)(Ugy - €)Yy - N) - < C(EM).

Green+good unknown+vorticity equation
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Water waves with vorticity Well-posedness

A priori estimates

(815 +M . V)@O‘C—akg(ﬁ) -N~0 Xﬂaac
(07 + U- V% ,)0%w ~ 0 xdPw
8t(wb-Nb)+V-(wb-Nbe):0 X‘Drl

For all || < N (N >5), we get

%&(aaaCﬁaC) + (0 + V- V)(Ugy - €)Yy - N) - < C(EM).

Green+good unknown+vorticity equation

with
EN(C, ¥ w) ~ICim + IVt f-2/2 + @ llimor + wb - N
» HN () Ig-1/2 Wl gn-1 Wwp - Np H0—1/2.
0<|a|<N
and Q,D(a) = 8‘% - maaC.
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Water waves with vorticity Well-posedness

Existence proof

Several difficulties in implementing an iterative scheme
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Water waves with vorticity Well-posedness

Existence proof

Several difficulties in implementing an iterative scheme
@ Smoothing of the vertical derivatives in the vorticity equation

Hw+U Vi ,w=w- -V, U

@ One can solve this equation without boundary conditions on w
provided that 9:( = U - N which is lost in the iterative scheme

© The div-curl problem is solvable if the vorticity is divergence free: this
is also lost.
Theorem (Angel Castro, D. L. 2014)

The (ZCS)gen equations are locally well posed in the energy space
associated to EN with N > 5.

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity Toronto, January 10th, 2014 29 /33



Water waves with vorticity Hamiltonian structure

In the irrotational case, we know since Zakharov,

¢ . 0 1

and with the Hamiltonian

1
H=5 [ e+ [1up.
Rd Q

Can this be generalized to our new formulation with vorticity?
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Water waves with vorticity Hamiltonian structure

In the irrotational case, we know since Zakharov,

¢ . 0 1

and with the Hamiltonian

1
H=5 [ e+ [1up.
Rd Q

Theorem (Angel Castro, D. L. 2014)
Let us define the Fréchet manifold

M = {(¢,9,w), Ho + ¢ > huin, div w =0 in Q¢, |D| " wp - Np € H*}.
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Water waves with vorticity Hamiltonian structure

In the irrotational case, we know since Zakharov,
0

¢ . 1

and with the Hamiltonian

1
H=5 [ e+ [1up.
Rd Q

Theorem (Angel Castro, D. L. 2014)

Let us define the Fréchet manifold

M = {(¢,9,w), Ho + ¢ > huin, div w =0 in Q¢, |D| " wp - Np € H*}.

There exists a mapping J : T*M — T M, antisymmetric for the
T*M — TM duality product, and such that the equations can be written

¢
at @b = J<’¢7wgrad<7w’wH
w
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Water waves with vorticity Hamiltonian structure

In the irrotational case, we know since Zakharov,

¢ . 0 1

and with the Hamiltonian
1
H=5 [ e+ [1up.
Rd Q

The equations are equivalent to the Hamiltonian equation

Corollary

VFe A, F={F,H},
where the Poisson bracket {-,-} is defined as

0FOG O0F G SFV+5G  6G VL 6SF

SR ¥ S TR T M T T T T

oF 0G
+ /Q(curl 5) - (w x curl E)
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@ We work with a dimensionless version of the (ZCS)4en equations
@ We need to handle the singular limit © — 0
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Shallow water asymptotics

@ We work with a dimensionless version of the (ZCS)4en equations
@ We need to handle the singular limit © — 0

Theorem
The existence time is uniform with respect to L. J

© We need to relate (, U” (instead of V1)), V and w
© Due to the vorticity, the flow is no longer columnar at order O(u).
@ For instance

_ 1 /¢ (¢
U”:V—l-\/ﬁQ with Q:h/ / Wh
—-1Jz
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Shallow water asymptotics

@ We work with a dimensionless version of the (ZCS)4en equations
@ We need to handle the singular limit © — 0

Theorem
The existence time is uniform with respect to L. J

© We need to relate (, U” (instead of V1)), V and w
© Due to the vorticity, the flow is no longer columnar at order O(u).
@ For instance

_ 1 /¢ (¢
U”:V—l-\/ﬁQ with Q:h/ / Wh
—-1Jz

@ (h, V) satisfy the same equations as in the irrotational case
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Water waves with vorticity Shallow water asymptotics

Shallow water asymptotics

@ We work with a dimensionless version of the (ZCS)4en equations
@ We need to handle the singular limit © — 0

Theorem

The existence time is uniform with respect to L. J

© We need to relate (, U” (instead of V1)), V and w

© Due to the vorticity, the flow is no longer columnar at order O(u).
© For instance

_ 1 /¢ (¢
U”:V—l-\/ﬁQ with Q:h/ / Wh
—-1Jz

(h, V) satisfy the same equations as in the irrotational case
One finds an equation for @

(O:+V-V)Q+V-VQ=0.
Water Waves with vorticity Toronto, January 10th, 2014 31/33

o
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{ 8¢ + V(hV) =0,

0:(hV)+V - (hV @ V) + hV( =0

The velocity at the surface if then given by
Vi =V+viQ, with (9,+V-V)Q+V -VQ=0.
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WWELSENEWRWA L RVeTadleiaAll  Shallow water asymptotics

0:(hV) +V - (hV® V) 4+ hV( =0

The velocity at the surface if then given by
Vi =V+VeQ, with (3:+V-V)Q+V-VQ=0.
To do list:
@ Higher order model (Green-Naghdi)

@ Horizontal vorticity generation

@ Vorticity generation by shocks

@ Numerical implementation and experimental check

e

Bonneton (CD2013)~UMR EPOC~ Photo. Y. Lavigne Bonneton (CD2013)~ UMR EPOC— Photo. Y. Lavigne
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Water waves with vorticity Shallow water asymptotics

Happy birthday Walter!

David Lannes (DMA, ENS et CNRS) Water Waves with vorticity Toronto, January 10th, 2014 33 /33



	The equations
	Notations
	The free surface Euler equations
	The free surface Bernoulli equations
	The Zakharov/Craig-Sulem formulation

	Asymptotic expansions
	Nondimensionalization
	Nondimensionalized equations

	Numerical computations
	1D simulations
	2D computations

	Water waves with vorticity
	Basic assumptions
	Euler's equations
	New formulation
	The div-curl problem
	Well-posedness
	Hamiltonian structure
	Shallow water asymptotics


	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	0.51: 
	0.52: 
	0.53: 
	0.54: 
	0.55: 
	0.56: 
	0.57: 
	0.58: 
	0.59: 
	0.60: 
	0.61: 
	0.62: 
	0.63: 
	0.64: 
	0.65: 
	0.66: 
	0.67: 
	0.68: 
	0.69: 
	0.70: 
	0.71: 
	0.72: 
	0.73: 
	0.74: 
	0.75: 
	0.76: 
	0.77: 
	0.78: 
	0.79: 
	0.80: 
	0.81: 
	0.82: 
	0.83: 
	0.84: 
	0.85: 
	0.86: 
	0.87: 
	0.88: 
	0.89: 
	0.90: 
	0.91: 
	0.92: 
	0.93: 
	0.94: 
	0.95: 
	0.96: 
	0.97: 
	0.98: 
	0.99: 
	0.100: 
	0.101: 
	0.102: 
	0.103: 
	0.104: 
	0.105: 
	0.106: 
	0.107: 
	0.108: 
	0.109: 
	0.110: 
	0.111: 
	0.112: 
	0.113: 
	0.114: 
	0.115: 
	0.116: 
	0.117: 
	0.118: 
	0.119: 
	0.120: 
	0.121: 
	0.122: 
	0.123: 
	0.124: 
	anm0: 
	1.0: 
	1.1: 
	1.2: 
	1.3: 
	1.4: 
	1.5: 
	1.6: 
	1.7: 
	1.8: 
	1.9: 
	1.10: 
	1.11: 
	1.12: 
	1.13: 
	1.14: 
	1.15: 
	1.16: 
	1.17: 
	1.18: 
	1.19: 
	1.20: 
	1.21: 
	1.22: 
	1.23: 
	1.24: 
	1.25: 
	1.26: 
	1.27: 
	1.28: 
	1.29: 
	1.30: 
	1.31: 
	1.32: 
	1.33: 
	1.34: 
	1.35: 
	1.36: 
	1.37: 
	1.38: 
	1.39: 
	1.40: 
	1.41: 
	1.42: 
	1.43: 
	1.44: 
	1.45: 
	1.46: 
	1.47: 
	1.48: 
	1.49: 
	1.50: 
	1.51: 
	1.52: 
	1.53: 
	1.54: 
	1.55: 
	1.56: 
	1.57: 
	1.58: 
	1.59: 
	1.60: 
	1.61: 
	1.62: 
	1.63: 
	1.64: 
	1.65: 
	1.66: 
	1.67: 
	1.68: 
	1.69: 
	1.70: 
	1.71: 
	1.72: 
	1.73: 
	1.74: 
	1.75: 
	1.76: 
	1.77: 
	1.78: 
	1.79: 
	1.80: 
	1.81: 
	1.82: 
	1.83: 
	1.84: 
	1.85: 
	1.86: 
	1.87: 
	1.88: 
	1.89: 
	1.90: 
	1.91: 
	1.92: 
	1.93: 
	1.94: 
	1.95: 
	1.96: 
	1.97: 
	1.98: 
	1.99: 
	anm1: 
	2.0: 
	2.1: 
	2.2: 
	2.3: 
	2.4: 
	2.5: 
	2.6: 
	2.7: 
	2.8: 
	2.9: 
	2.10: 
	2.11: 
	2.12: 
	2.13: 
	2.14: 
	2.15: 
	2.16: 
	2.17: 
	2.18: 
	2.19: 
	2.20: 
	2.21: 
	2.22: 
	2.23: 
	2.24: 
	2.25: 
	2.26: 
	2.27: 
	2.28: 
	2.29: 
	2.30: 
	2.31: 
	2.32: 
	2.33: 
	2.34: 
	2.35: 
	2.36: 
	2.37: 
	2.38: 
	2.39: 
	2.40: 
	2.41: 
	2.42: 
	2.43: 
	2.44: 
	2.45: 
	2.46: 
	2.47: 
	2.48: 
	2.49: 
	2.50: 
	2.51: 
	2.52: 
	2.53: 
	2.54: 
	2.55: 
	2.56: 
	2.57: 
	2.58: 
	2.59: 
	2.60: 
	2.61: 
	2.62: 
	2.63: 
	2.64: 
	2.65: 
	2.66: 
	2.67: 
	2.68: 
	2.69: 
	2.70: 
	2.71: 
	2.72: 
	2.73: 
	2.74: 
	2.75: 
	2.76: 
	2.77: 
	2.78: 
	2.79: 
	2.80: 
	2.81: 
	2.82: 
	2.83: 
	2.84: 
	2.85: 
	2.86: 
	2.87: 
	2.88: 
	2.89: 
	2.90: 
	2.91: 
	2.92: 
	2.93: 
	2.94: 
	2.95: 
	2.96: 
	2.97: 
	2.98: 
	2.99: 
	2.100: 
	2.101: 
	2.102: 
	2.103: 
	2.104: 
	2.105: 
	2.106: 
	2.107: 
	2.108: 
	2.109: 
	2.110: 
	2.111: 
	2.112: 
	2.113: 
	2.114: 
	2.115: 
	2.116: 
	2.117: 
	2.118: 
	2.119: 
	2.120: 
	2.121: 
	2.122: 
	2.123: 
	2.124: 
	2.125: 
	2.126: 
	2.127: 
	2.128: 
	2.129: 
	2.130: 
	2.131: 
	2.132: 
	2.133: 
	2.134: 
	2.135: 
	2.136: 
	2.137: 
	2.138: 
	2.139: 
	2.140: 
	2.141: 
	2.142: 
	2.143: 
	2.144: 
	2.145: 
	2.146: 
	2.147: 
	2.148: 
	2.149: 
	2.150: 
	2.151: 
	2.152: 
	2.153: 
	2.154: 
	2.155: 
	2.156: 
	2.157: 
	2.158: 
	2.159: 
	2.160: 
	2.161: 
	2.162: 
	2.163: 
	2.164: 
	2.165: 
	2.166: 
	2.167: 
	2.168: 
	2.169: 
	2.170: 
	2.171: 
	2.172: 
	2.173: 
	2.174: 
	2.175: 
	2.176: 
	2.177: 
	2.178: 
	2.179: 
	2.180: 
	2.181: 
	2.182: 
	2.183: 
	2.184: 
	2.185: 
	2.186: 
	2.187: 
	2.188: 
	2.189: 
	2.190: 
	2.191: 
	2.192: 
	2.193: 
	2.194: 
	2.195: 
	2.196: 
	2.197: 
	2.198: 
	2.199: 
	2.200: 
	2.201: 
	2.202: 
	2.203: 
	2.204: 
	2.205: 
	2.206: 
	2.207: 
	2.208: 
	2.209: 
	2.210: 
	2.211: 
	2.212: 
	2.213: 
	2.214: 
	2.215: 
	2.216: 
	2.217: 
	2.218: 
	2.219: 
	2.220: 
	2.221: 
	2.222: 
	2.223: 
	2.224: 
	2.225: 
	anm2: 


