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Ingredients

e Invariant Euler-Lagrange operator

Invariant Euler-Lagrange Equations and the Invariant Variational
Bicomplex, 1. Kogan, P. Olver, Acta Appl. Math. 76, 137-193, (2003)

e Invariant Noether correspondence (work in progress)

e Symbolic implementation (iVB package) using MAPLE package VESSIOT
for calculus on the jet bundles. by |. Anderson et al.

Needs translation to DIFFERENTIALGEOMETRY package !!!




Euler’s Elastica

What is the shape of a thin elastic rod of a fixed length with fixed end-points
and tangent directions at the end-points?

Find v(t) = (x(t), y(t)) that minimizes bending energy:

1 /!
L) =1 /O k2 ds,

I AT | 5
K o= (iéfiy;’)«%p is Euclidean curvature and ds = \/:13 + y<dt is the
infinitesimal arclength.

This variational problem is invariant under the group of rigid motions on the
plane (E(2) = O(2) x R?).



Max Born’s Ph.D thesis, 1906,
“Investigations of the stability of the elastic line in the plane and in space under

different boundary conditions”:

e Max Born. Untersuchungen  (ber
die Stabilitat der elastischen Linie in
Ebene und Raum, under verschiedenen
Grenzbedingungen. PhD thesis, University
of Gottingen, 1906.

e R. Levien. The elastica: a mathematical
history, 2008. http://www.eecs.
berkeley.edu/Pubs/TechRpts/2008/
EECS-2008-103.pdf



http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-103.pdf
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-103.pdf
http://www.eecs.berkeley.edu/Pubs/TechRpts/2008/EECS-2008-103.pdf

Euler-Lagrange equations for Euler’s Elastica

Let v be parametrized by x-variable: v = (x,u(x)), then
2
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Euler-Lagrange equations for Euler’s Elastica

Let v be parametrized by x-variable: v = (x,u(x)), then
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G-Invariant Euler-Lagrange operators for planar curves
e A Lie group GG acts on (x, u)-space — action on planar curves.
e ~ IS a (lowest order) differential invariant (G-curvature);
e dsis a (lowest order) G-invariant one-form (G-arc-length form);

e G-invariant total derivative D = &; x; = D'x.
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e G-invariant total derivative D = £; k; = D'x.

G-symmetric variational problem: [ L (k,k1,...,kn) ds.

e Express Euler-Lagrange operator in terms of x and D.



G-Invariant Euler-Lagrange operators for planar curves
e A Lie group GG acts on (x, u)-space — action on planar curves.
e ~ is a (lowest order) differential invariant (G-curvature);
e dsis a (lowest order) G-invariant one-form (G-arc-length form);
d .

e G-invariant total derivative D = £; k; = D'x.

G-symmetric variational problem: [ L (k,k1,...,kn) ds.

e Express Euler-Lagrange operator in terms of x and D.

e Generalize to G-symmetric variational problem in higher dimensions
(several dependent and independent variables)



“The shape of a Mdbius strip”, Starostin and Van der Heijden, Nature Materials.
2007.

The shape of a Mobius strip
IS determined by its centerline
~v(s), which minimizes:

L0) = i/l (k2 4 72)2 n (K,Q + w(k 15 — 7'/433)> 1
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O KTs — TKs

2w Is the width of the strip, « is the curvature and 7 is the torsion of ~.




“The shape of a Mdbius strip”, Starostin and Van der Heijden, Nature Materials.
2007.

The shape of a Mobius strip
IS determined by its centerline
~v(s), which minimizes:

L0) = i/l (k2 4 72)2 n (K,Q + w(k 15 — 7'/433)> 1

k2 —w(KkTs — TKs)

i wJO KTs — TKs

2w Is the width of the strip, « is the curvature and 7 is the torsion of ~.

This variational problem is invariant under the group of rigid motions in R3
(E(3) = 0(3) x R3).



Minimal surfaces

Find w(x,vy), s. t. the surface z = wu(x,y) with a fixed boundary has the
minimal area:

L(u)Z/D\/ug—l—ug—Fldac/\dy:/Sw,

w = \/u:,% + uZ + 1 dx A dy infinitesimal area (Euclidean invariant).



Minimal surfaces

Find w(x,vy), s. t. the surface z = wu(x,y) with a fixed boundary has the
minimal area:

L(u)Z/D\/ug—l—ug—Fldac/\dy:/Sw,

w = \/u:,% + uZ + 1 dx A dy infinitesimal area (Euclidean invariant).

L= /u?+u2+1 — IL=1
_ 0 d 0 d\ 0
| B= g~ () o — (&) o [
2 2 2 2_
0 =1t (uj+1) (1‘2“12 (221'322 2uastylay  —  mean curvature
T Uy

This variational problem is invariant under the group of rigid motions in R39.



Results

e Euler-Lagrange operators for variational problems for plane and space
curves and surfaces symmetric under Euclidean transformations appeared
In

— Griffiths (1983), Anderson (1989)

e General formula for any number of dependent and independent variables
first appeared in

— IK and Olver, (2001, 2003) and somewhat less explicitly in ltskov
(2002).
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General formula for planar curves [ I (k,k1,...,5n) ds.

E=A*0c& —B*oH

n =Y _ n - OL N
e(L)=y -0y 5 w(r)= 3 winy (DY L4

1

e invariant differential operators A and B are measuring infinitesimal
variation of k and ds in an invariant “normal” direction, respectively.
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e invariant differential operators A and B are measuring infinitesimal
variation of k and ds in an invariant “normal” direction, respectively.

e A and B are algorithmically computable from the structure equations of an
invariant coframe and infinitesimal generators of the group action.
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General formula for planar curves [ I (k,k1,...,5n) ds.

E=A*0c& —B*oH

n =Y _ n - OL N
£(L)= Y (DY o H(T)= 3wy (DY L4

1=0 )

e invariant differential operators A and B are measuring infinitesimal
variation of k and ds in an invariant “normal” direction, respectively.

e A and B are algorithmically computable from the structure equations of an
invariant coframe and infinitesimal generators of the group action.

e if we have p dependent and ¢ independent variables then we have a similar
formula, with scalar differential operators replaced with vector and matrix
operators of appropriate dimensions.
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Variational problems for planar curves (xz, u(x))

e Euclidean group: SE(2) = SO(2) x R=.

ds = 1—|—u%daz

aY

pum— w2
(14u7)>/?’

AZA*Z(%)Q—I—K,Q
B=DB*=—-k

o Affine group: SA(2) = SL(2) x R?

5 2
U2 Ug—3U 1/3
= u8/23 3, da=wuy " dr

2

A= A" = (i)4 + %,u (%)2 + %Ma (%) + %,Uaa + quQ



Variational calculus can be done in the context of variational bicomplex

Dedecker (1957), Tulczyjew (1977), Tsujishita (1982), Takens (1979),
Vinogradov (1984), Anderson (1989), ...

Invariant variational calculus can be done in the context of invariant variational
bicomplex

Anderson (1989), Anderson and Pohjanpelto (1995), Kogan and Olver
(2001,2003), ltskov (2002), Thompson and Valiquette (2011)

Equivariant moving frame method by Fels and Olver (1999) gives rise to
invariant variational bicomplex with computable structure.

13



Standard local coframe on J°>° (M, p)

Local coordinates: z!, ..., 2P, ul

9 o o o9

ud,utt,m=1...

Basis of horizontal sub-bundle

Basis of vertical sub-bundle

m,J

Cotangent
horizontal one-forms contact one-forms (m = 1,...,q)
p .
0" = du™ — Y u"da',
i=1
dzl, ... dxzP
duJ Z u
Tangent
total derivatives: vertical derivatives
d 0
d __ 0 m
dai — Bl T Zl’“i B
m= %) %)
dumr  Ou’p
0
—I_ Z J?,a m

q, J — multi-index.

14



Bigrading of exterior differential algebra

Grading: A* = @ A, where AF = {Zgne form A --- A one form}.
k times

d: N — A1 dod =0 == de Rham complex.

Bigrading: A* = @ A%, where

NSt = < > hor. 1-form A - - - A hor. 1-form A cont. 1-form A - - - A cont. 1—forn1}
s times ¢t times

d: NSt 5 ASTLEg AL = g =dy +dy

d>=(dg+dy)?=0 = |d4 =0, d2 =0, dgody =—dyody

U

Bicomplex
15



Variational Bicomplex (locally exact)

dv dv dV dV dv 8V
AO.2 dr AL2 dn dn AP—1.2 dn AP2 I 2
dy dy ‘ dy dy Oy
AO.1 dr ALl dn du__ AP-1.1 dg AP ; £l

dy dy ‘ dy
Oy
00 ALO - AP-10 —— - APO
dy dyg dyg dy

I: NP5 — F5 = N\PS/Imdp - integration by parts operator
Oy = I o dy - variational derivative;

dvdH - —dev, d%[ — O, d‘z/ — O, 8‘2/ — O, Io dH — O, av o dH = 0.

16



Integration by parts operator

For Q2 € AP»S s > 0.

) =13 ona (sl d ( 0 JQ> |
s =1 dxj \Ou'

J

> Em(L) 6™ Adx

m,J

A = L(x,ul™)dx dy Z S Qm A dx

En, m=1,...,q are Euler-Lagrange operators.

En(L)=0, m=1,...,q are Euler-Lagrange equations.

17



dy
dn AL2
dy
dr ALl
dy
> /\1,0
dy

dn

Ov
dy
dy !
2
H p7
1,2 A 6‘/
dH /\p_ )
dy |
dy |
dy .
~1,1
dyg AP 6‘/
dy

AP0
-10
- /\p

dy
dn

).
E.-L. eq
are

(Em(L) =0

q En(L)0™ A dx,

ian; av>\ = Z

AP - Lagrangian;

= Ldx €

A\ =

([ J

0 )\:dHV,
— vV

~1,1
AP
vV &

m=1
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dy dy dy
AO.2 dr AL2 dr

dy dy
AO.1 Wil ALl i

dy dy
NGO dir - A\LO di -

il AP-1.2 B Ap2 1 2
dv dv Ov
dr AP-1.1 dr £l
I
dy
Ov

- /\p—l,O - . /\p,O

dH dH

q
e )\ = Ldx € AP0 - Lagrangian; Oy )\ = Z En(L)0™ N dx, (En(L) = 0 are E.-L. eq.).

® — 8\/)\ = dHV, vV & /\p—l,l

e v.-f. v is an infinitesimal variational symmetry if 3o € AP~ 10 s.t. | v>®(\) = di(a) |.

e Noether
dgm = 0mod {En, (L)} |

correspondence:

m=1

T=v>®.w+ « IS a

conservation law:

18



Invariantization (Fels and Olver (1999))

Theorem: Let g be an r-dim’l Lie algebra of infinitesimal transformations on J©.
Then for some kg < r, 4 submanifold £ C J™ of codimension r (called local

cross-section) such that
T|.K P gl = T|:J%, vz € K.

JC can be lifted to J* for all & > ko.

19



Invariantization (Fels and Olver (1999))

Theorem: Let g be an r-dim’l Lie algebra of infinitesimal transformations on J©.
Then for some kg < r, dsubmanifold I C J™ of codimension r (called local
cross-section) such that

T.K@P gl = T|.J%, vz € K.

IC can be lifted to J* for all k£ > k.

Theorem: IC defines invariantization . for functions, differential forms and vector
fields on an open neighborhood of IC:

o Vf e C(J®) Alg-invariant o f s.t. .f|xc = fli.

o V2 € A*(J°°) Ilg-invariant 12 s.t. 12| = Q|-

o Vw € T(J°°) Jlg-invariant cw s.t. tw|xc = w|i.
19



Properties of .
e | preserves linear independence of differential forms and vector-fields
e | preserves contact-ideal

e structure equations for invariantized frame and coframe are algorithmically
computable without explicit formulas for invariants!!:

d (1) =0(dQ) = Y ¢|dK - v(K) | Avlvie (Q)]

k=1

v = (vq,...vy) —is abasis of g.

K = (K1, ..., K") —is arow vector of functions, whose zero-set defines the
cross-section .

v(K) is an r x r-matrix whose (i, j)-th entry equals to V?O(Ki).
20



Invariant local frame and coframe on J°

1=1,...,p, m=1...q,

J —symmetric multi-index.

Invariant horizontal basis

Invariant vertical basis

Tangent

invariant total diff. operators

D= ()

span {D;} = span {d%@-}

invariant vertical diff. operators

= ()

span {Vm} # span {auim}
unless the action is projectable

Cotangent

invariant “horizontal” one-forms
w' = o(dz?)

span {oﬂ} # span {dwz}

unless the action is projectable

invariant contact one-forms
V' = 1(077)

span {197}1} — span {991}

21



Example sc(2)-invariant frame and coframe J°>°(R2, 1)

Invariant horizontal basis

Invariant vertical basis

Tangent

invariant total diff. operators

1 d d
D = = =
1_|_u%d£13 ds

invariant vertical diff. operators

14208 T /1402 Ou

T = (1 +U%)8iw+3uxuxac

0

Ougy

Cotangent

invariant “horizontal” one-forms

Uy

w=ds + 6, where ds =

2

Uy

1+ u2dx

invariant contact one-forms
0
Vv 14u2
. (1—|—u§) 0 —UrpUp0
— (1+uz)?

Uz

22



Invariant bigrading: A* = @ AS?

Unless the action is projectable AS:t = AS:! and for s > 1:

d: At — ATt g Rl @ As~LIH2 o g = d g + d + dyy

d* = (dg +dy +dw)? =0

d% =0, d3+dgdy +dwdg =0, dgody=—dpodg, dj =0

2
92 # Ol

23



Generating set of invariants

e Tresse (1894): Differential algebra of invariants is finitely generated.
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Generating set of invariants

e Tresse (1894): Differential algebra of invariants is finitely generated.

e Fels and Olver (1999): Invariantization of coordinate functions

{e(zh), ... u(@P), c(u'T)}

m=1,...,q, J = (j1,...,7;) is a|symmetric| multi-index contains a
finite set of invariants

{/431,. ,/ﬁ:‘j}
such that any other invariant function on J°° can be expressed as
a function of (mlj), where | = 1,...,4, J = (j1,...,7;) is a
non-symmetric | multi-index and mlj: Dj, -+ Dy, K|
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Generating set of invariants

e Tresse (1894): Differential algebra of invariants is finitely generated.

e Fels and Olver (1999): Invariantization of coordinate functions

{e(zh), ... u(@P), c(u'T)}

m=1,...,q, J = (j1,...,7;) is a|symmetric| multi-index contains a
finite set of invariants

{/431,. ,/ﬁ:‘j}
such that any other invariant function on J°° can be expressed as
a function of (mlj), where | = 1,...,4, J = (j1,...,7;) is a
non-symmetric | multi-index and mlj: Dj, -+ Dy, K|

e A symmetric variational problem can be represented by | A = L[x] w,
where [k] = {K;lj|l c{l,...,3}}, w=wlA---AWP.

24



Invariant Variational "Bicomplex™. e variational edge is a complex

dy dy dp dp dp By
d g d 7 d 7 d 7
Roz —— . i P R e L p
dp dp dv
1% 1% ‘ 1% di Op
dp d g d 7 d
A0 S AL = S A1l = _ F1
1
dy dy ‘ dy ‘
Iy
A0 - ALO - - A1 - ApO

dg dp dp

d
q
e )\ = [[r]w - Lagrangian O\ = Z En (L)Y ANw, (E.,.(L)=0areE.-L. eq.).

q p
o £, = ZA*lm&— ZB*J H’, where

m
=1 ij=1

dy(k) = Y _AL@W™) and dp(w) =) Y B, (") A

25



\ = L[k] w, where [k] ={f<;lj|l c{1,...,q}}, w=wlA---AWP.

>/z

q
Z B (L) 9™ A w,

q D

~ l

Em =Y A6 — Y B Hi,
=1 ij=1

dv(l{l) = i Aﬁn(ﬁm) and dv(wj) = Z Z B 2 (07) A W'

m=1 1—=1m=1
_ t 0 i o
SZ—ZDjoaKVm, —5Z+ZZ/~@A Do —
J T I=1JK TiK

25



Noether Correspondence

{generalized symmetries of | A = L(x, u{™)dx [}/ {trivial symmetries}

{conservation laws of

)

E(L) = 0}/ {trivial conservation laws}
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Noether Correspondence

{generalized symmetries of

A = L(x, ul™)dx

)

{conservation laws of | E(L) = 0

}/ {trivial symmetries}

}+ / {trivial conservation laws}

q

vV = Z QJ (x, u(k))i IS generalized variational symmetry if
ou’J

j=1

JA = (Aq, ..

L, Ap), v(L) = DivA.

)

P = (Py,...,Pp)isaconservation law if DivP = 0 mod E(L)

27



In terms of differential forms

p :
v is a gen. var. symmetry of A = L(x,u{™®)dx if Ja= » A dX' €
i=1
AP~10 st v\ =dg(a)| (equivalently v©_dy A = di(a)).

)

p .
=Y P;dx' € AP~10 is a conservation law of B(L) = O if
i=1

dgm = 0 mod {E(L)}|

Noether correspondence: |7t = v®°_lv 4 «|, where

—Oy\=dgv, veAr~ L1

28



G-invariant Noether correspondence for G-symmetric
variational problems

G-invariant generalized variational symmetry:

LK) 17

GG-invariant conservation law:

29



Invariant Noether Correspondence

do do do do dp Oy
- dp dpg d; 7
oz g o R T R L p
d d d
1% 1% ‘ 1% di D
- dpg dpg d;
for M R = S AL T - F1
T
dy dy dy
Ay
R0 - R10 - - Rp-10 - Rpo
dy dg dq ds
e \=TLweAPO-Lagrangian; dpA= Y E,(L)9" Aw, (En(L) =0areE.-L. eq.).
e v.-f. v is an infinitesimal variational symmetry if 3o € AP71.0 s.t. | v ()\) = dgz(a) |.
e Noether  correspondence: T=v .+« is a conservation law:

dgm = 0mod {E,, (L)} |

30



S E(2)-Invariant Example (Elastica)

2

° )\:%mw,where w=ds+ -4

Vi

® dr )\_(/QSS—I- k3) YA w + dfv, where |v = kg1 — K2 |,

o Euler-Lagrange equation: | E(L) = kss + 3x3 = 0.

e Invariant evolutionary vector field: v = 9Y(k, ks) V, where

Ux
~ate * i b

e Symmetry condition |3a  v®(N\) = dga|== 1 = ks f(k* + 4K3).

Take v = ks V, then v®©(\) = dga, where |a = 3 kkss + gx%* — k2.

e Conservation laws: |7 = v®.v + a = 32 + x4

31



o Check: tmr = ks(kss + 53) = ks E(L) = 0 mod E(L).

(Recall E(L) = rss + 5£7).

31



S A(2)-Invariant Example

e A= _pw|where w= /dCE—|— 5/3

o D= 2%/3%, p1r="Dp,...,p; =Dp;—1.

o doh = (5u2+ 512) 9 Aw + dgv, where |v = 297 — 295 — U4 |

e Euler-Lagrange equation: | E(L) = —(3u2 + §14°) = 0.

e Invariant evolutionary vector field: v =4 (u, u1) V

e Symmetry condition |Ja  v>°(A\) = dga|== 9 = u f( <3 4 5] 2).

Take v = p1 V, then vo°(\) = dpa, where |a = pg + 2ppo + 7,u :

2
1

7

Wl

e Conservation laws: |7 = v®.v + a = Z&u3 +

32



e Check: D = pq (242 :
m = p1(En? + 3p0) = w1 E(L) = 0mod E(L)

(Recall E(L) = (5u2 + §12)).

32



Other work on Noether Correspondence and Moving Frames

e Goncalves and Mansfield, 2011, 2013 consider a group G of point
symmetries (not generalized symmetries) and use moving frame method
to express conservation laws (not necessarily G-invariant) that correspond
to G.

e We reduce a variational problem by its group G of point symmetries and
consider G-invariant generalized symmetries of the reduced problem. This
leads to invariant conservation laws.

33



Implemented for an invariant bicomplex in the iVB package
® dﬁ, dv, T, (9‘7
e Prolongation of the vector fields

o Exactness of interior rows: given ds(w) = 0 where w € ALS s > 0,
compute n s. t. di(n) = w.

Thank you!
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