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» Lie groupoids (groupoides différentiables)
> Jets

» multiple categories
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» Frame groupoid of all isomorphisms between fibres has Lie algebroid for which sections
areall Vy forall vV andall X € 2 (M) (and all Vx — V)

v

All are instances of the process

Lie groupoid = Lie algebroid
g=M AY

There are double and multiple versions of this.
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3. Double Lie groupoids

The elements of a double Lie groupoid S are ‘squares’ which have horizontal sides
from a Lie groupoid H = M and vertical sides from a Lie groupoid V = M, with
corner points from a manifold M.

h.
2 S——=v
V2 S Vi l ll
H—=M
h

Horizontal composition (when v{ = vz ) has vertical sources and targets as follows :

h hy hahy
-
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4. Double Lie groupoids, p2

The main compatibility condition between the two structures is that products of the form

So S1

S3 S4

are well-defined:

composing each row horizontally and then the results vertically
and

composing each column vertically and then the results horizontally

give the same result.
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Given a double Lie groupoid, one S—=vV

can take the Lie algebroid of

either groupoid structure on S. l u/
H—=M

Takg the Lie algebroid of _the A/S—= AV
vertical structure; the horizontal
groupoid structure prolongs to the J{ l

tical Lie algebroid.
vertical Lie algebroi e M

Take the Lie algebroid of the An(AyS) ~ AV
horizontal groupoid. l i

AH —M

Ax(AyS) is a Lie algebroid over base AV.

The vertical structure Ay(AyS) — AH is at present just a vector bundle.
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Recap from previous frame: Now do it the other way:
S—=<V S—=<V
H—=M H—=M
AyS — AV AyS ——=V

H—=M AH —— M
Ax(AyS) —= AV Ay(ApS) —= AV
AH —M AH —M

Every manifold has a canonical involution T2S — T2S which ‘interchanges the order
of differentiation’. It restricts to a diffeomorphism Ay(AyS) = Ay (AnS).

Use this to transfer one structure to the other.

The result is the double Lie algebroid of S.
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7. Basic example

For G = M any Lie groupoid, take S= G x G

GxG—<G GxG—<G
MxM—<M MxM—<M

T(AG) —= AG A(TG) —= AG
™—>M ™—>M

There is a canonical diffeomorphism T(AG) = A(TG).
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Ptm
—=Y
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T(p) \L p
X
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Take ¢ € T2M with projections

If X = 0 then £ is vertical and if Y = 0 then £ is at a zero.
Soif X = Y = 0 then ¢ can be identified with an element Z of TM.

Represent elements of T2M ‘locally’ as (X, Y, Z) where the Z is called
a core element.

Write T2M ‘locally’ as TM = TM + TM.
Then J: T2M — T2M is ‘locally’,
JX, Y, 2) = (Y, X,2).
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For any vector bundle E there is an isomorphism of double vector bundles
T*(E*) — E*

| e

E—>M T*(E) — E*
E——M

Locally thisis (¢, e,0) — (e,¢,—0) where p € E*, ec E, 0 € T*M.
Apply thisto E = TM and we get R: T*(T*M) — T*(TM),
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12. Canonical diffeomorphism f

The canonical symplectic structure d\ on T*M induces an isomorphism

g: TY(T*M) — T(T*M).

Locally this is
(‘)017)(7(102)’_)(5017)(77502)'
T*(T*M) —= T*M T*(E*) —= E*
™—>M M —1m EM TJiE)ﬁ‘El
L E——>M

™ —M
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* Tk R * il
T*T*M — = T*TM (01, X, p2) ———— (X, 1, —¢2)
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* T R * R
M —sT"TM (1, X, p2) ———— (X, 01, —2)
M (p1, X, —p2)
So © islocally (¢1, X, p2) — (X, ¥1,¢2) and involves no minus signs.

© may be regarded as the dual of J: T2M — T2M.
Jislocally (X,Y,2)— (Y, X,2).

Dualizing over X gives (X, ¢1,92) — (@1, X, p2). Then take the inverse.

This all extends to double Lie groupoids. The question is, why do we want to ?
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14. Double Lie groupoids again

Take the Lie algebroids of a double Lie groupoid S :

AyS —= AV AyS — =V
H—=M AH—> M

In each case take the dual. We get

ALS —= AK ALS —=V

R

H—=M A*K——M

The groupoid K = M here is the ‘core groupoid’ of S. The elements of K are the
s € S for which both sources are identity elements.
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15. Theorem :

ALS = A*K and A, S = A*K are Poisson groupoids with respect to the Lie-Poisson
structures, and are in duality as Poisson groupoids.

In particular, there is an isomorphism of Lie algebroids
B A*(ALS) — A(ALS).

For S= M* thisis #: T*(T*M) — T(T*M).

Further there is a commutative diagram.

A*(ALS) — = A*(AyS)

[0}

A(A%S)

and © may be regarded as the dual of
J: A(AyS) — A(AyS).

The commutative diagram is essential for working with the bialgebroid structure.
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16. Remark on Poisson group(oid)s

For G a Poisson Lie group:

r—=G T'G—=¢*

Wl

G—=1{} G—={}

For ¥ = M a Poisson Lie groupoid:

— Ty —x A"y

)= T

g—=M G—=M

For S a double Lie groupoid:

T*AY —— A*Y

L

AYd — > M

[E

T*(A(A}S)) — A(AS)

l l

A(ALS) —— A*K



16. Remark on Poisson group(oid)s

For G a Poisson Lie group:

y —>=G* T*GHQ* QXQ* EE*
I T N l
G—%1{} G—={} s> ()

For ¥ = M a Poisson Lie groupoid:

) E—— T —= A*Y T*AY —— A*9Y

)= T"T = T
s =

G—=M G—=M AYg —> M

For S a double Lie groupoid:
T*S —=Z A4S T*(A(A}S)) — A(AS)

I = | l

ALS —% A*K A(ALS) —— A*K
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17. n-fold Lie algebroids; super formulation (Th. Voronov)

A Q-manifold is a super vector bundle E on M with a homological vector field Q of
weight 1. ‘Homological’ means Q? = 0.

Write A = NE for the parity reversed bundle.
Write i for the natural odd injection
i: TA— 2 (A),
Then Q defines a Lie algebroid structure on A with anchor
a(u)f == [[Q, i(u)], f]
and bracket
i([u, v]) = (=1)“[IQ, i(u)], i(v)]-

for f € C>°(M), and u,v € T'A. (Vaintrob.)
In local coordinates (x2 in the base, ¢/ in the parity-reversed fibres)

Q= €07(0) 57 + 5 €€H() 5 -

Given a super double vector bundle, and writing D for the double-parity-reversed
double vector bundle, two homological vector fields Q;, Q. define a double Lie
algebroid structure on D if

(@1, Q2] = 0.

This extends in a ready fashion to the n-fold case.
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19. End frame



