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Lie pseudo-groups
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Lie pseudo-groups

Lie pseudo-groups “nn> infinite-dimensional generalization

of local Lie group actions

Given G acting on M, I'm interested in the induced action on S ¢ M

Example:

X = f(x) Y =e(x,y) = f(x)y + g(x) U=u+ i—j
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P\ New Palez ..
Lie pseudo-groups in action

@ symmetry of differential equations
o Navier-Stokes, Euler, K—P, Davey-Stewartson

@ equivalence transformations
o fiber, point, contact equivalence of differential equations

@ gauge transformations
o Maxwell, Yang—Mills, conformal, string, ...

@ invariant variational calculus — Noether's second theorem
(Stay tuned: Irina, Juha)
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Why use equivariant moving frames?

@ Decouples the moving frame theory from reliance on any form of
frame bundle or connection
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P New Palcz L
Why use equivariant moving frames?

@ Decouples the moving frame theory from reliance on any form of
frame bundle or connection

e basic calculus

e even an undergraduate student can do this!

@ Recurrence relations
e symbolic
o basic linear algebra

o reveal the structure of the algebra of differential invariants

© Rocursive Moving Frames 12/12/2013 5 /36
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..
Growing number of applications

computer vision

group foliation

invariant calculus of variation
invariant geometric flows
invariant numerical schemes

computation of

o Laplace invariants of differential operators
e invariants and covariants of Killing tensors
e invariants of Lie algebras

© Recursive Moving Frames 12/12/2013
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P New Palez

Moving frame algorithm

..
O Lie (pseudo-)group
action

Francis Valiquette
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Moving frame algorithm

O Lie (pseudo-)group
action

@ prolonged action
(freeness)

§>_//
———
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Moving frame algorithm

O Lie (pseudo-)group
action

@ prolonged action icn
(freeness)

© cross-section -y
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Moving frame algorithm

Lie (pseudo-)group
action

prolonged action icn
(freeness) p(M (2(m)

cross-section _‘_—:__/./(")/

normalization
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P New Palez.

Moving frame algorithm

Lie (pseudo-)group
action

prolonged action icn
(freeness) p(M (2(m)

“_/>_/\.n/
cross-section z(”

normalization

invariantization
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Example

X = f(x)

Francis Valiquette
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Example
X = f(x) Y =e(x,y) =f(x)y + g(x) U=u+

Prolonged action: (Lifted invariants)

Uy €x — e Uy fix €x u, i
Ux=—+ -2 Uy = —=
fx f2 £3 f, 2
2
Uy Fox — foc Uy — e Uy £ Uyy
Uxy = + 3 —24 Upy = o5
X X X X
Uxx Exxx — Exx Uy — 2ey Uxy — fox Ux
Uxx = > + 3
fX fX
N €2 Uyy + 3ex frox Uy — b€xx frx — 3€x Fox L& £2,
f4 5
X X
Francis Valiquette | Recursive Moving Frames 12/12/2013
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P\ New Palez ..
Example

X = f(x) Y = elx,y) = fux)y + g(x) U=u+%
Prolonged action: (Lifted invariants)
Ux=u7:+exx;xzexuy—2fx;;x Uy=%+%§
UXYZUf_?Jr&XX—fXXéV—exuyy_Z% UYY:uf_i2y
Usx = Uxx | oo — Box Uy — 2€x Uy — Fic Uiy
£2 £3
N 2 Uy, + 3ex frxx uyf: A fix — 3ex foox | gex in
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P New Palez

Cross-section:

N
K*={x=y= ok = Uk

Francis Valiquette

12/12/2013
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Cross-section:
K® ={x=y=tu=u,k=0u,=1k=0}

Normalization equations:

X=Y=ka=nyk=o Uyy=1
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Cross-section:
0
K® ={x=y=tu=u,k=0u,=1k=0}

Normalization equations:
X=Y=ka=nyk=o Uyy=1

Definition: The constant lifted invariants are called phantom invariants
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P New Palez L

Cross-section:
K® ={x=y=uu=u,k=0u,=1k=0}

Normalization equations:
XZYZUXk:nyk:O UYY=1

Definition: The constant lifted invariants are called phantom invariants

Solving ... 0 =X =f

0=Y=¢
Ex
O—U—U“FTX
u Exx — €x Uy fix Ex
0=Ux = 72 -2 e

7
fux
0= Uy =¥
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P New Palez L

Cross-section:

K® ={x=y=tu=u,x=0u,=1k=>0}

Normalization equations:
X =Y =Uxk = Uyxxk =0 Uyy =1

Definition: The constant lifted invariants are called phantom invariants
p: f=0

e=0

ex = —U /Uy,

& = (U Uy — UX)\/@

Eoox = (U Uy + 2u2uyy + 2uy Uy — Uy — 2u}%)\/@

foc = =y /Uy

froo = (U>2/ = Uy = Ulyy)y/Uyy

fie = \/Uyy
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I
Invariantization:

U _ fi Uxyy — €x Uyyy — 2fc Uyy U Uyyy
XYY £a =3
X X

Francis Valiquette
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Invariantization

Uxyy =

fi Uxyy — €x Uyyy — 2fc Uyy

7

|
Uyy

foc = —Uy \/Uyy

Francis Valiquette

e = —U

12/12/2013
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Invariantization:

fi Uxyy — €x Uyyy — 2fc Uyy Uyyy
Uxyy = 7 Urvy = —3
X X
fx = /Uy fox = —Uy /Uy ex = —U,/Uyy,
U _ Uxyy + Uty + 20y Uy U _ Uy
Xyy = 32 YY = 35
Uyy Uyy

© Rocursive Moving Frames 12/12/2013

10 / 36



PN New Palez I
Question

Moving frame algorithm

Q Lie (pseudo-)group action

© prolonged action 1

J

@ normalization

@ invariantization
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J

© normalization

@ invariantization
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PN New Palez I
Question

Moving frame algorithm

Q Lie (pseudo-)group action

© prolonged action 1

J

© normalization

@ invariantization

How can steps 2 and 4 be made more effective?

Avoid computing the prolonged action (Like Cartan!)

Recursively construct partial moving frames
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Bundles

z = (x, u) coordinates on M

JK = submanifold jet bundle:

k) xt, . xP

independent

Z(

G — Lie pseudo-group:
g: 7% = ¢°(z")
G) — pseudo-group jet bundle:

1 Zm

k).
g 2t
source

Francis Valiquette

ut, o uf

dependent

jet

ab=1,...m=p+gqg

1
z...,Z"
target

o Zg
jet

12/12/2013
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P New Palez.

Lifted bundle

B*) — Lifted bundle:

2 = (X u

U

Groupoid structure:
BK)

N

Jk Jk

Right multiplication:

g" = (X5 ... U3)

o) (), gk — )
FR) (0 gy _ glk) . )

Ru(z9), gy = (hK) . 2(F) | (k) . (plk))=1)

Francis Valiquette

12/12/2013
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P New Pl I
Lift
Coframe on B(®):

p
o Jet forms: dx’ dug (or % = dug — Z u%}kdxk)
k=1

m
e Group forms: %z =dZ5 — 2 Zg b dz®
b=1

Francis Valiquette | Recursive Moving Frames 12/12/2013 14/ 36



P New Pl I
Lift
Coframe on B(®):

p
o Jet forms: dx’ dug (or 0% = dug — Z u%}kdxk>
k=1
m
@ Group forms: T3 = dZ3 — 2 Zg b dz’
b=1

Jet projection:

7 QF(B™) — Q5B = (.. dx L dul L)
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PN New Palez I
Lift
Coframe on B(®):

p
o Jet forms: dx’ dug (or 0% = dug — Z u%}kdxk>
k=1
m
@ Group forms: T3 = dZ3 — Z Zg b dz’
b=1

Jet projection:

7 QF(B™) — Q5B = (.. dx L dul L)

Definition: The lift of w e Q*(J*) is
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P New Palez.

Invariant coframe

L
Lifted jet coframe:

o = Adx")

(or Uy = )\(9%))

Francis Valiquette
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VY Newe ez L

Invariant coframe

Lifted jet coframe:

o = Adx") ox = Adug) (or Ui = A( %))
Relation:
2 ) P
o =Y Ug o'+ 0% =) UR o
i=1 i=1

© Rocursive Moving Frames 12/12/2013
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Invariant coframe

Lifted jet coframe:
— A(dx") o = A(duf) (or % = ,\(9%))

Relation:

i=1 i=1
Lifted jet frame:
0 K 0
D; =A( — Dy =Al =4
A<é’x’) “ A(&u%)
defined by dyF(x,u,g™) =Y Di(F) o’ + > DE(F) o
i=1 a,K
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P New Paler L

Invariant coframe

Lifted jet coframe:
— A(dx") o = A(duf) (or % = ,\(9%))

Relation:

i=1 i=1
Lifted jet frame:
0 K 0
D =Xl — Dy =Al =
A<é’x’) “ A(&u%)
defined by dyF(x,u,g™) =Y Di(F) o’ + > DE(F) o
i=1 a,K

Maurer—Cartan forms:
pg =Dy ---Dpe(T?) B=(b,...,b5) 1<b <m
Francis Valiquette | Recursive Moving Frames 12/12/2013
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Partial moving frame

Definition: A partial moving frame of order k is a right-invariant (local)
subbundle B%) < B Right-invariance

Rh(g(k)) - B

Francis Valiquette | Recursive Moving Frames 12/12/2013 16 / 36



P New Palcz L
Partial moving frame

Definition: f\ partial moving frame of order k is a right-invariant (local)
subbundle B%) < B Right-invariance

A~ A~

Rh(B(k)) - BK

Proposition: If
T ®0™)],0 = TI 0

for all z(K) € KK, then BK) = (7)) ~1KCk defines a partial moving frame
or order k.
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Partial moving frame

Definition: f\ partial moving frame of order k is a right-invariant (local)
subbundle B%) < B Right-invariance

A~ A~

Rh(B(k)) - BK

Proposition: If
T ®0™)],0 = TI 0

for all zK) € KK, then BK) = (7)) ~1KCk defines a partial moving frame
or order k.

K2y e BK

Moving frame: Z)\(
Partial moving frame: PR (2 pky e B*

Francis Valiquette | Recursive Moving Frames 12/12/2013 16 / 36



P New Palez.

Invariantization

Definition: Let p be a (partial) moving frame. The invariantization of
we QF(JP)is

@ =uw) = p*AW)]

Francis Valiquette
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PY ew Palcz L

Invariantization

Definition: Let p be a (partial) moving frame. The invariantization of
we QF(JP)is
@ =uw) = p*AW)]

Notation:

and

Francis Valiquette | Recursive Moving Frames 12/12/2013 17/ 36
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Recurrence relations

| tod #dou |

*

L= ﬁ* O’]TJO(T(CD))
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Recurrence relations

| tod #doy | Lzﬁ*OWJO(T(OO))*

g= {Iocal vector fields tangent to pseudo-group orbits in M}

g(k) = {Iocal vector fields tangent to pseudo-group orbits in Jk}
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Recurrence relations

| tod #dou | L:ﬁ*Oﬂ'JO(T(w))*

g= {Iocal vector fields tangent to pseudo-group orbits in M}

g(k) = {Iocal vector fields tangent to pseudo-group orbits in Jk}

The prolongation of

v = i C"(z)% = igi(x, u)% + i ©a (X, “)aia € g
a=1 < i R u

Francis Valiquette | Recursive Moving Frames 12/12/2013 18/ 36
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Recurrence relations

| tod #dou | L:ﬁ*oT(Jo(T(OO))*

g= {Iocal vector fields tangent to pseudo-group orbits in M}

g(k) = {Iocal vector fields tangent to pseudo-group orbits in Jk}

The prolongation of

A 0 0
V—;C(Z)aza—;ﬁ(xau)7+§1%(xvu)6—a € g
is .
v(k)=Z§’(x,u)i+qu Z cpKi e g
= ox! o 7o “ouf
where

Francis Valiquette | Recursive Moving Frames 12/12/2013 18/ 36
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v—Z(a

Francis Valiquette

623
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=S eed ol -o(p-Dew)« e,

Lift of vector field jets:
A(CB) = 1B

© Rocursive Moving Frames 12/12/2013
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p p
v= Z (2 aza vh = Dk (soa - Zs’u?) + ; ¢u

Lift of vector field jets:

Also

© Rocursive Moving Frames 12/12/2013
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p p
I L R R

Lift of vector field jets:

ACE) = 1B
Also
X'=AX") Uk = A(uk)
Recurrence relations:
dX' =o'+ dUg = ok + Vi

P
a i «a a
= D UR o+ 9% + R
i=1
where 1% = X(pK)
K «
Francis Valiquette © Recursive Moving Frames 12/12/2013
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p p
v = ZCa aza K = DK(<Pa—Z§iUia) +Zl 5'.”%,;

Lift of vector field jets:
Also

Normalized recurrence relations:

~

dX' =5 + i dUy

I
m Q)
.&Dﬂ~° X2
)
X0
>

+
=
xe

0+ 0% + Yk

T~ K
where ¢ = p*[A(¢q)]
Francis Valiquette | Recursive Moving Frames 12/12/2013 19/ 36
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Recursive moving frame goal

Find
P &' 5% D; DX i3
recursively without computing

i «

o oK D; DX Uy

Rough idea:

normalize, prolong, normalize, prolong, ...

Francis Valiquette | Recursive Moving Frames 12/12/2013 20/ 36
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Recursive moving frame goal

Find
~ A~ ~x D DK ~a
P o Ok i « HB

recursively without computing
o' ok D; Dy I
Key:
@ recurrence relations
@ vanishing of (most) group forms along pseudo-group orbits
° % = ]]/j)bl . ']ﬁ)bk (11?) < Lie pseudo-group structure equations

Francis Valiquette | Recursive Moving Frames 12/12/2013 20/ 36
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..
By the way (Olver, Pohjanpelto — 2005)
Let G with determining system

FK(z,zK)y =0

Francis Valiquette
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Let G with determining system

Let

FK(z,zK)y =0

LW (z,¢cRy =0

be the infinitesimal determining system of g.
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By the way (Olver, Pohjanpelto — 2005)

Let G with determining system
FK(z,zK)y =0

Let
LW (z,¢cRy =0

be the infinitesimal determining system of g. Then

A[LO (2, ¢)] = L0Z, ) = 0

Francis Valiquette | Recursive Moving Frames 12/12/2013 21/ 36



By the way (Olver, Pohjanpelto — 2005)

Let G with determining system
FK(z,zK)y =0

Let
LW (z,¢cRy =0

be the infinitesimal determining system of g. Then
AL (z,6%)] = L9(Z, ) = 0

and the structure equations of G are

a

m C
do® = > pg Ao’ dpE =] [Ub/\/fé,bJF > (A) UZ,bAM%]
B)

b=1 b=1

restricted to L(OO)(Z,,U(OO)) =0
Francis Valiquette | Recursive Moving Frames 12/12/2013 21/ 36
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The Maurer—Cartan structure equations

The Maurer—Cartan structure equations of G are obtained by restricting
the structure equations of G to a target fiber.
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P\ New Palez ..
The Maurer—Cartan structure equations

The Maurer—Cartan structure equations of G are obtained by restricting
the structure equations of G to a target fiber.

Example 1: The Maurer—Cartan structure equations of
X=x+ay+b Y=y

are
du =0 duy =0

Francis Valiquette | Recursive Moving Frames 12/12/2013 22/ 36



P\ New Palez ..
The Maurer—Cartan structure equations

The Maurer—Cartan structure equations of G are obtained by restricting
the structure equations of G to a target fiber.

Example 1: The Maurer—Cartan structure equations of

X=x+ay+b Y=y
are
du =0 duy =0
Example 2: The Maurer—Cartan structure equations of
u
X =f(x) or X="f(x), U= %)
are .,
n
dun = Z;J(I.)Mi-i-l A Hn—j n=0

Francis Valiquette | Recursive Moving Frames 12/12/2013 22/ 36
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Example

Pseudo-group

€x

X=f(x) Y=elxy)=Ff(x)y+gkx) U= Yt E

Step 1: Order 0 jet forms

XX XfXX fXX
X =fodx o =ecdxtfidy oY =dut | XS gy Dy
oo )

X

Order 0 normalizations

KO={x=y=u=0} s X=Y=U=0

Francis Valiquette | Recursive Moving Frames 12/12/2013 23 /36
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Group forms

Ty = dfy — frq1 dx Vi = dexo — exy1,0dx — fry1 dy

Normalization

'?‘z—fxdx \’l\fzfx(udx—dy) \’l}xz—d(u&)—exde—&xdy

Ty =0, k=1

<
Il
o

Francis Valiquette | Recursive Moving Frames 12/12/2013 24/ 36
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ex = —(Ux + uuy)fy —2ufi.

ex+1,0 = Dx(ex)

Normalization
o~ = f.dx, 0¥ = f(dy — udx)

and

~ U fex fox uy fux \ ~ NoA
o' =du— (ux+uuy+ 3 >dx+Txdy= <Tx+f—x2>ay=Uyay

Francis Valiquette | Recursive Moving Frames 12/12/2013 25/ 36
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Order 1 normalization

Prolongation

eXX -

eXXX

Francis Valiquette

—uy f,

(U;zz — Uy — ulyy)fy

=0

ex =

—ufy

(uuy — uy)fy

= (uuy + 2u2uyy + 2uyuy —

2
Usx — U Uy )y

© Recursive Moving Frames 12/12/2013
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(Partial) Cross-section

We have normalized

o fo fox

eXX

e e ex
without computing the prolonged action!

Francis Valiquette
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(Partial) Cross-section

We have normalized

f fix Froo o e ey Exx

without computing the prolonged action!

What is the (partial) cross-section K* producing these normalizations?
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(Partial) Cross-section

We have normalized

f fix Froo o e ey Exx

without computing the prolonged action!

What is the (partial) cross-section K* producing these normalizations?

To find K%:

p

_ ]1(00)‘

oo = 1)k

Francis Valiquette | Recursive Moving Frames 12/12/2013 27/ 36
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Substituting

f=x k=1 fox = =0 e=y e = =0
into
f= fox = —uy fi foox = (U — Uxy — Uty )fy
e= ex = —ufy ex = (uu, — uy)fy
or <@ EN-

Francis Valiquette | Recursive Moving Frames 12/12/2013 28/ 36
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Substituting

f=x =1 fox = =0 e=y ex = =0
into
= foc = —uy fy oo = (U — thy — Uty ) s
e = ex = —ufy & = (U uy — ux)fy
yields

Francis Valiquette | Recursive Moving Frames 12/12/2013 28/ 36
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Substituting

f=x =1 fox = =0 e=y ex = =0
into
f=0 fx = —uy fx oo = (U — sy — U Uy ) s
e=0 ex = —ufy & = (U, — ux)fy
yields

K*={x=y=uwx=u,=0, k=0}

Remains to normalize £,

Francis Valiquette | Recursive Moving Frames 12/12/2013 28/ 36
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..
Step 2: Compute the 2nd order partially normalized prolonged action

Francis Valiquette
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Step 2: Compute the 2nd order partially normalized prolonged action

U

Need the recurrence relations
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Step 2: Compute the 2nd order partially normalized prolonged action

U

Need the recurrence relations

For
X = f(x) Y = e(x,y) = fiu(x) + g(x) U=u+ %
we have
0 0 0
V=£(X)a—x+n(x,y)@+nx(x,y)5, ny = &x
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Step 2: Compute the 2nd order partially normalized prolonged action

U

Need the recurrence relations

For
X = f(x) Y = e(x,y) = fiu(x) + g(x) U=u+ %
we have
0 0 0
V=£(X)a—x+n(x,y)@+nx(x,y)5, ny = &x

Basis of Maurer—Cartan forms

fixie = A(&xk) Vxk = A(nxk)
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Recurrence relations:

dX ="+ p
dY =0’ +v
dU =o' +vx

de=U)l<J+Z/XX_Ux/Lx—UyVX
dUy = o, + puxx — Uy px
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Recurrence relations:

dX ="+ p
dY =0’ +v
dU =" +uvx

dUx = o, + vxx — Ux pux — Uy vx
dUy =0y, + pxx — Uy pix

K'={x=y=u=u, =0} ~ X=Y=U=Ux=Uy=0
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Recurrence relations:

=040
0=0"+71
0=0"+1vx
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Recurrence relations:

0=6"+7

When
K'={x=y=u=u, =0} o X=Y=U=Ux=Uy=0
Normalized Maurer—Cartan forms:

f=—0"=—fdx fixx = =0, = —Uyy o’
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Recurrence relations:

0=0"+1
0=0"+7
0=0c"+01x
0=8;’+17XX
0=5’}'+ﬁxx
When
Kl={x=y=u=u=0 ~ X=Y=U=Ux=Uy=0

Normalized Maurer—Cartan forms:

= —0"=—f.dx fixx = —0, = —Uyy o’

We obtain Uyy by computing ixx = Iﬁ)i(ﬁ) = —]13)§<(8X)
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Normalized operator:

~ 1[0 0 0 0
DX:?X a—X+U@+(UX+UUy)%+(UXy+UUyy)a—uy
0 0
+ (Uex + uuxy)a—ux +oee = quyﬁ}
Fact: ]ISDX is tangent to the pseudo-group orbits in B)
dy du df,
a=u, &=ux+uuy, .. d—;=fxx=—uyfx.
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Normalized operator:

By — 1|2 4 i+( + )i+( + )i
X = aX Uay Ux UUy au ny UUyy auy

0

0
+(uXX+quy)a—ux+-~—quy£}

Fact: ]ﬁ)x is tangent to the pseudo-group orbits in B)

ﬂ—u @—u +uu d—fx
dx dx = v o dx

Hence

~ ~ N 1

fx =Dx(i1) = —Dx(6%) = uy dx + — - dfy

~ N u ~

fixx = Dx(jix) = — fyzy o’ (Uxx = 0)
X

© Recursive Moving Frames 12/12/2013
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~ 1 ~ Uyy
px = uy dx + —df, bxx =——7507
f, 2
X X
Since
Nooay o~ Uyy ~y 7 Uyy
—Uyyo" =pxx=—4;50 = Uyy = =
£ £
Case 1 = uy, =0:
Uxiyi+2a =0 ~ no further normalization

§

partial moving frame
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Case 2 = uy,, # 0:

Francis Valiquette

12/12/2013
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Case 2 = uy,, # 0:

Then
1

fix = uy, dx + —df,
X

.
U

Uyy

R Usyy + Ulyyy, +2u, Uy, \ - Uy ~,  Uxvy o | Uyyy o
NXE< vy yyy y Uy Y ox o M oy 5% 4 5

3/2

2uyy 2 uf,')/,z

2

2
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Case 2 = uy,, # 0:

Uyy

2 7 2

u
1=U Lzy = fo =
£
Then
R 1
fix = uy dx + Fdfx
X
|
~ o [ Uxyy Uy, + 2uy uyy | 4 Yyyy ~y _ Uxyy ~x i Uyyy 5
Kx = N N
Uyy Uyy
Thus
D _ Ugyy tuuyyy + 2 uy uyy
Uyy

12/12/2013
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Recursive algorithm

Data is needed:
Lie pseudo-group G —  Recurrence relations —  Basis of group forms
Initial step:

e Compute ¢? = d;Z°

e Fix K° and solve for pseudo-group parameters

@ Prolonged pseudo-group normalizations (vanishing of group forms)
. p ~
e Compute ¢/, 0% = Z U ok
k=1

e Fix K! and normalize pseudo-group ~+ prolonged pseudo-group
normalizations
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Loop: k> 1

@ Substitute cross-section normalizations into the order k lifted
recurrence relations.

e Solve for o — #K =k

o Use i3 , = ]ﬁ)b(ﬁaB), and U to obtain coordinate expressions for
~ ~ p ~
ok = dUg — Uik = ) Ug 5"
i=1
o If possible, normalize some of the Uy , ~~ pseudo-group
normalization ~~ prolonged pseudo-group normalization

o corresponding cross-section KCk+1

@ replace k by k +1
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Outcomes

@ Prolonged action becomes eventually free
o All pseudo-group parameters are normalized

e Moving frame
@ Prolonged action does not become free
e Partial moving frame
o Finitely many unnormalized pseudo-group jets < prolonged coframe

o Infinitely many unnormalized pseudo-group jets < involutive coframe

All cases: use recurrence relations to analyze the algebra of differential
invariants
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