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Outline & References

e Filtered Py equations1

e Convergence analysis

o Modified equation?
e Galerkin estimate®
o Convergence estimates

e Numerical experiments using StaRMAP#

McClarren, Hauck, JCP 2010
2Radice et al., JCP 2013

3Schmeiser, Zwirchmayr, SINUM 1999
4Seibold, Frank, TOMS 2014
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Checkerboard: Ps versus FPs

Lattice Testwith P5at t= 2.80

Lattice Testwith PSat t=2.80
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Line Source: Pqy versus FPq
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Challenges

Challenges in radiation transport:

Highly heterogeneous media

Media/initial conditions/sources lead to non-smooth solutions

e Preserve realizability, rotational invariance

Capture beams
Challenges for spectral methods:

e Spectral methods achieve fast convergence for smooth
solutions

But suffer from the Gibbs phenomenon

Idea of filtering: dampen the coefficients in the expansion

Con: Some adjustments of the filter strength may be required
for different problems

Pro: Speed, overall accuracy, and simplicity
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FILTERED Py
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Radiation Transport

B (t, x, Q)+ V,(t, x, Q)+oa(x)0(t, x, Q) —(QU)(t, x, Q) = S(t, x, Q)

e (t,x,Q): density of particles, with respect to the measure
dQdx, which at time t € R are located at position x € R3
and move in the direction Q € S?.

e Scattering operator

(QY)(t,x,Q) = 05(x) [/SZ g(x, Q- Q) (t, x, Q)dY — (t, x, Q)

Ty=5
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Sphercial Harmononic Py equations

Notation:

e Real-valued spherical harmonic mé‘, {=0,1,...,
k=—¢,...4
e Angular integration (-) = [o(-) dQ
Spectral Galerkin method:
e Expand unknown v = ¢pn = m 7 upy
e Plug into equation and project residual
(mT(mTupy)) = (MS) =:s.

e Other combinations of ansatz and projection can be used!

Orupn + A - V,upy + oaupy — 0sGupy =5,

where A := (mm'Q) and G is diagonal
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Filtering

08
07

Filtering well-known in spectral methods
A filter of order a is a function f € C*(R™), which fulfills
f(0)=1, f90)=0, for k =1,...,cc — 1,and F(®)(0) #£ 0

Additional condition
f(n) > C(L=n)", nen,1]
Filtering the expansion after every time step

S 3 (¢ ()

0=0 k=—¢
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NUMERICAL ANALYSIS
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Main Result

Galerkin estimate

l(t, -, -) = Yren(t, - )l @3 2(s2)
< |l9(t, ) = Pntp(t, - )l 23z (s?))
+ t(llanta - Vi{mn19) [l c(o, 71 2R3 R7))
+ BIGH (M)l (o, 7:12(r?:R")) )

(t, -, -) = P(t, - )l e@szs2)) < CEN"UDl (o, 11 2(r3: Ha(s2)))
lan+1 - Valmn19) [ o, 71 2(r3:rm))

< CNTTVadll (o, 1 L2 (3 Hr (2)))

CN=9+1/2 o> q—3
1G# (M) [l (o, Tyi2(remmy) < {CN—a+a, a<q-1
RWTH
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Sobolev Spaces

e H9(S?) Sobolev space on the unit sphere with norm
1/2

[0l = | 3 / D°6(Q)[2d9

lo|<q

e Spherical harmonics are eigenfunctions of Laplace-Beltrami
operator
Lmf = —\mf, M =L((+1)
o Expansion coefficients ®§ := (mf®) of any function
® € H?9(S?) satisfy

1
) = (mf®) =

(—=Ae)9

(LIm)®) = (my LI0)

1
(—=Ae)9
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Spectral Convergence

e [2-orthogonal projection of a generic function ® € L?(S?)

onto Py
Pnd = mT<mmT)_1<m<D> = mT<m<b>

e Projection onto polynomials of exact degree £
(Pe — Pr—1)® = m/ (mm/) 1 (m;®) = m/ (m,®)

e Spectral convergence
[(me®)|[Rne = [[(Pe = Pe- 1)¢HLz(sz < H(I— Po)®|I72s2)

= > o= Z - A ool (M LIY[2
k=0+1 k=(+1

1
< Wnd’ﬂipq(%)
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Step 1: Modified Equation

e Time step

n+lx _ _n n n n n
uppy = Uppn — At(A - Viugpy + 0alppy — 0sGuppy —s")

o Filtering

exp(flog(f)At) — 1
i = A = unpk 4 A PEDED S s

e Operator split discretization of

Modified equation

OruppN + A - ViuppN + oauppN — 0sGuppn — SGruppy =5,

where Gy is diagonal with entries log (f(NL_H)) (=0,...,N.
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Step 2: Galerkin Estimate

e Residual

¥ —rpN = (¥ — Pnip) + Pyt — bppn = (¥ — Putp) + m'r

e Multiply by mTr and integrate in angle and space
é@t/ ‘r’2dX = —/ r,—(/_a/\H_]_ . VX<mN+1¢>dX
RR3 R3

—af/ rTGf(mqj))dx—/ r"Mrdx .
R3

R3

e M :=o,l — 0,G — 0¢Gs is positive definite
e This yields
Oelrll 2m3mey <llan+1 - Va(myp19) || 2 (w3 monny

+ o[ G (M) || 12(r3 Ry

e Control error by projection error + residual r
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Step 3: Convergence Estimate
e Estimate filter term
”Gf<m¢(t7 E )> ||%2(IR3;R")

—Z'Og (7 (i) ) IHmets (2, - ) ooy

N
Z ( ) ||(7DZ - Pﬁ 1)¢(t, ) ')”%2(]1@3;/_2(82))
¢

N
=€ o (F(3te) ) IZ = Pttt Moy
(=

<CZIog (F(0)) 25 1908 Mgy
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Step 3: Convergence Estimate

e For 0 <2q

; Iog2 (f(NLH)) 62%

e Interpret as Riemann sum

1
5~ /0 log? (F(n)) ~"dn

e Around n =0, logf(n) < Cn®
e Y Integrable for 6 < 2o+ 1
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Step 3: Convergence Estimate

Two cases:

Case 1: > q — % Choose ¢ = 2q, convergence limited by the
regularity of v
G (M) || (o, 7 2(r3 )y < CN™HL/2

Case 2: agq—%. Choose 8 =2a+1 — 9, where >0 is
arbitrary, convergence limited by the filter order

1Ge (M) || c(po, 7123 RRY) < CNTOFE,

where € = /2
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Main Result

Galerkin estimate

l(t, -, -) = Yren(t, - )l @3 2(s2)
< [l(t, - ) = Pyt - )l 23z (s2))
+ t(llanta - Vi{mn19) [l c(o, 71 2R3 R7))
+ BIGHmY) || c(po, 71:2R3R7Y)) >

(t, -, -) = P(t, - )l e@szs2)) < CEN"UDl (o, 11 2(r3: Ha(s2)))
lan+1 - Valmn19) [ o, 71 2(r3:rm))

< CNTTVadll (o, 1 L2 (3 Hr (2)))

CN=9+1/2 o> q—3
1G# (M) [l (o, Tyi2(remmy) < {CN—a+a, a<q-1
RWTH
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Sharper Estimate

”’l,b(t, ) ) = wFPN(t7 ) ')||L2(R3;L2(S2))
< ”¢(t7 ) ) - 'Pl/)(t, ) ')||L2(R3;L2(SZ))
+ t(llanta - Vi{mn19) [l c(o, 71 2R3 R7))
+ BIGH (M)l c(po, T1:12(r%R")) ) »
b(t, -, -) = Pb(t, -, Mlzmsiizs2y)y < CNTNYl c(jo, )i 2R3 Ha(s2)))
lan+1 - Vi{mni19) | c(jo, 71:2(r3:r7))
(el
< CN-UF 2DVl o, 712 (r3: e (52)))

CN—9, a>q
HGf<m¢>”C([O,T];L2(]R3;]R")) < {CN04+67 a<gq
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NUMERICAL RESULTS
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Numerical Results: General setup

e Use the code StaRMAP to compute the Py and FPy
solutions for N = 3,5,17, 33, (65).
e Apply the filter term after each sub-step to the updated
components.
e Use the exponential filter of order a = 2,4, 8,16
f(n) = exp(cn™), with ¢ = log(em)

with gy being the machine precision. Set the effective filter
opacity fefr = 10 (ferr = Blog(f(747)))-

e Fix the spatial resolution, so that the space-time errors are
negligibly small

e Compare to reference solution Py,

o Highest resolution P29 (8515 moments) on 500 x 500 grid
(altogether 2.1 x 10° unknowns)
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Numerical Results: Estimates

e Measure smoothness of true solution .
By = H(mN¢>||L(R2,Rn) ~ N—9T2

i
DN = H(vaxw>HL(R27Rn) ~ N +3
e Compare to convergence estimate
EN = W - wNHL2(R3;L2(Sz))
RN = ||PQ;Z) - ¢N||L2(R3;L2(Sz))

Expectation
; 1
With filter: En ~ Ry ~ N~ mirlartza}

Without filter: Ey ~ N~ mintartal gy ~ y=(r+3)

Central difference for V, trapezoidal rule for integration
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Gaussian Test: Setup

Gauss Testatt=0.00
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e Initial condition: u§ = m exp (—%),
ué‘ =0, for k. #0
e Purely scattering medium: oy =05 =1
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Gaussian Test: Results

° q =r=o
e With filter: EN ~ RN ~ N~ min{q?{"’%@‘} .
o Without filter: Ey ~ N~minarts}t Ry ~ N—(2)

10" ¥
_10°¢
<l
@
N|
.}
ol * unfiltered
10 ' x 2nd order
O 4th order
0 8th order
+ 16th order &
——order 2, 4, 8, 16
: ] . .
3 5 9 17 33 65

order N
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Hemisphere Test: Setup
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e Source term: S(t,x,Q) = Wllo* exp (—%) Xr+(£2x)
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e Vacuum: o; = 0.
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Hemisphere Test: Smoothness

(diff.) moments
=
O\

-4

X 4 e *

moment (N odd)
moment (N even)

diff. moment (N odd)
diff. moment (N even)|
order 1

10
10

1
e From By ~ N=9"2
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(a) Pog

(diff.) moments

10°

moment (N odd)
w0l moment (N even)
+ diff. moment (N odd)
x diff. moment (N even)|
4 order 1
10 5 T
10 10 10
order N
(b) Poo

1
and Dy ~ N™""2 we conclude
g~r~05
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Hemisphere Test: Results

Filter order | &5 &2 &7 &2 | R3 R2 RY RE
2 0.55 0.58 0.57 058|044 061 059 052
4 0.67 0.60 055 061|071 070 057 052
8 0.75 061 056 063|106 083 061 056
16 0.77 0.64 057 064|114 1.03 0.79 0.64
00 0.71 059 056 065|133 126 0.99 0.96
e grr~05
o With filter:

EN ~ RN ~ N~ min{q,r+%,a}

o Without filter:
Ey ~ N~ min{a.r+3}

Ry ~ N—(+3)
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Checkerboard Test: Setup
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Checkerboard Test: Smoothness
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(c) By computed with Pjpg
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(f) Dy computed with Pyag
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Checkerboard Test: More Smoothness

(o) | BY | DY (N | B | O
(2,4) 1.3188 | 0.6213 (3,5) 1.6167 | 0.7818
(4,8) 1.8212 | 0.8161 (5,9) 1.8371 | 0.8204

(8,16 ) | 1.5208 | 0.8293 (9,17) | 1.4901 | 0.7998

(16,32) | 1.5782 | 0.8679 (17,33) | 1.5511 | 0.7691

(a) even order moments (b) odd order moments

e From By ~ N=9%2 and Dy ~ N~"+2 we conclude
g~10 and r=0.25
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Checkerboard Test: Results

Filter order | &5 &2 &7 &2 | R3 R2 RY RE
2 0.89 080 094 105|086 0.78 093 1.05
4 1.02 115 113 1.05|098 121 121 1.06
8 120 122 1.04 1.06| 132 155 1.14 1.16
16 161 131 1.03 104|210 212 123 1.20
00 110 095 098 1.00| 110 0.85 0.95 0.96

e g=1 r=025
o With filter:
EN ~ RN ~ N~ min{q,r+%,a}

o Without filter:
Ey ~ N~ min{a.r+3}

Ry ~ N—(+3)
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Things Aren't Always So Clear

10°
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Box source instead of Gaussian.
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Summary & Outlook

Summary:
e Proof of global L? convergence rates for filtered spherical
harmonic (FPy) equations

e Depenence of the convergence rates on regularity of transport
solution and order of the filter

e Highly resolved numerical experiments are pretty much in
agreement with theoretical predictions
Outlook:
e Local analysis to show improvements by filtering
e Similar analysis for entropy or other non-linear closures
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